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Notations (the boring slide) 1
—
Notation Elementary reference domains and spaces (p > 0 integer):
Questions e Interval I := (—1,1)
i ,
Q1 continuous PP(I) polynomials of degree < p 1 . 1 .
Fractional order Sobolev spaces Hz(7), Hz(I), H =2(l), H™=z (1)

Q1 polynomial
POl I e Square X :=1 X I

Q1 negative W, (X) = PP(I) ® PP(I) polynomials of partial degree < p
W, (03) polynomial traces (deg. p on each side & continuity at corners)

Q2 scalar
Q2 Hdiv cont. @ Cube Q2:=1 x1IXx1
Discrete and continuous spaces for the De Rahm complex
273 a1 Ea W, (Q2) = PP(I) ® PP(I) ® PP(I) for H'(2)
Diagram cont. Qp(ﬂ) (Nédélec first kind) for H(curl, Q)
V,(€2) (Raviart-Thomas) for H(div, (2
Diagram poly. p({2) ( ) (div, £2)

Y, () = Wy_1(2) for L2(€2)

Appendix Trace operators and spaces on the boundary 92
Standard ~,, spaces W,(9Q2) & Hz (92)
Tangential ., spaces Q,(92) & H~z (curl, 89)
Normal ~, , spaces V,(9(2) & H~z(69)
Average 7, , spaces R & R ...
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Two elementary questions p
—
Notation
Questions Q1 Is it possible to find a polynomial characterization of

Q1 continuous
Q1 polynomial
Q1 negative
Q2 scalar

Q2 Hdiv cont.
Q2 Hdiv poly.
Diagram cont.
Diagram poly.

Appendix

Q2

— Norm Hz (I) in PP(I)
— Norm Hz () in PE(I) := PP(I) N HL(T)

i.e. find polynomial bases playing a similar role as e**?

on the torus.

Is it possible to find polynomial extension operators
— From W,(9€2) into W, (£2) lifting trace op.
— From Q,(9%2) into Q,(£2) lifting trace op. .
— From V,,(99) into V,(Q2) lifting trace op.

with operator norms bounded independently of degree p ?

Answer to Q1 is important
— for hp adaptivity
— for answering Q2
Answer to Q2 is important
— for analysing p and hp versions of Finite Element (Maxwell case)
— for hp adaptivity

Elementary answers ??
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Answer to Q1 in the continuous case 3
—
Notation Dirichlet
Questions The norms in Hj(I) and L2(I) can be characterized by the normalized Dirich-
let eigenfunctions ®,, and their eigenvalues \,, = w2n?/4:
Q1 continuous £, o, c T (I) represented as >°° . u,, &,
Q1 polynomial oo
2 p 2
Q1 negative ||u||H1(I) Zl(]‘ + A"’L) |Un| and ||u||IL,2(I) Zl |Un|
Q2 scalar By interpolation
o
Q2 Hdiv cont.
458 =~ D20+ VA
Q2 Hdiv poly. n=1
Neumann

Diagram cont. _
Normalized Neumann eigenfunctions ¥,, and eigenvalues p,, = n2/4:

Diagram poly.  For u € H*(I) representedas > >  u, ¥,

Appendix ,

oo 5 oo
||u||H1(I) — Z(]‘ + I’L’n) |’U,n|2 and ||u||L2(I) — Z |u’n|2

By interpolation

o o e
n=0
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Answer to Q1 for P (1) 4
Notation (i) Thenorms H*(I) and 1L?(I) in P5(I) can be characterized by the discrete
Questions normalized Dirichlet eigenfunctions fb,fzp) and their eigenvalues )\gp) :

Q1 continuous
Q1 polynomial
Q1 negative
Q2 scalar

Q2 Hdiv cont.
Q2 Hdiv poly.
Diagram cont.
Diagram poly.

Appendix

For polynomial u € P} (I) represented as

p
S uPa®
n—=2

there holds (stable basis, cf also [Beuchler,Schoberl’05]) :

Z(1+>\<p>)|u<p>|2 and ||ul’

Z |u(p)|2

H* (1) — L2(I)
By interpolation 77 Needs:
PR myry » PR (D) 121y = PR(D) 34

Proved by [Bernardi,Dauge,Maday’07] using
— trace method
— weighted estimates for [Babuska,Suri’87] extension operator.

Conclusion

p
Hz ) = nz_:z ( uniformly

\(P) ) @2
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More answers to Q1 5
—
Notation (ii) Denote the discrete normalized Neumann eigenfunctions on PP(I) by
(p) ir ei (p)
Questions W P) and their eigenvalues by pi.”’.

For u € PP(I):
Q1 continuous

p P
Q1 polynomial ) — Z uﬁf’)\IfﬁLp) — ||u||;1%(1) ~ Z (1 4 ‘/ng)) |ugp)|2

Q1 negative n=0 n=0
Q2 scalar (ii1) Using the isomorphism
Q2 Hdiv cont. o : Ha%vg(f) — H~2(I)
Q2 Hdiv poly.  implies a characterization of norm H~3 (I) on PP~ 1(I):
Diagram cont. D
Diagram poly. o= Z ug? — ”u”H—%(I) = Z ulP)|?
=1 (p) —1 (p)
& Ky n Mo,
Appendix

(iv) Similarly, the isomorphism

1

8 : Hz(I) — H_z(I)

avg

allows a characterization of norm H~z (I) on PP—1(I) using the expansion
along a constant function and derivatives of ®(P).
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Training: Answer Q2 for the scalar case in 2D 6
—
Notation Let u € WP(BE). Construction of a lifting operator, cf [Pavarino,Widlund’96]
Questions e Lift independently the restrictions u (1 3) of u on two opposite sides

: by discrete Neumann expansions:
Q1 continuous

p p
Q1 polynomial For u(x) = Z unqjgp)(w)’ set U(x,y) = Z Un‘I’,,(%p)(a:) 57(59) (y)

Q1 negative = =0

where 5539) is a polynomial analogue on I of the decreasing exponential

Q2 scalar 4 5 exp(—u%p)t) on R, .
Q2 Hdiv cont.

side 3
Q2 Hdiv poly.

Diagram cont.

Yy
Diagram poly.

xIr

Appendix 5

side 1
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Training: Answer Q2 for the scalar case in 2D 6
—
Notation ® Set v =u — U1|32 — U3|32 -
Questions Lift independently the restrictions v (2,4) of v on the two remaining sides

. by discrete Dirichlet expansions:
Q1 continuous y P

b b
Q1 polynomial For v(y) = Z vn@%p)(y), set V(z,y) = Z Vn, C,tq(?lp)(aj) q’fzp)(y)
Q1 negative =2 =2
where a(P) is a polynomial analogue of ¢t — exp(—A(P)t).
Q2 scalar
Q2 Hdiv cont. of To
Q2 Hdiv poly. "
Diagram cont. side 2 side 4
T

Diagram poly. »
Appendix

04 ¢0

e Setfinally U = U, + Uz + V5 4+ V4 and obtain uniform estimates

U] < Cllul|

HY () HZ (8%)

thanks to answer to Q1.
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First term of 3D lifting to H(div) — continuous case 7
—
Notation Let h € H—2(8N) and h € H—z(F}) its restriction to face 1. For
Questions > =
Q1 continuous O -
set
Q1 polynomial co oo
U(x z) = hpom Pn(x) P, nm(Z 1
Q1 negative (z,y,2) n;l mZ:1 () (¥) Yum(2) (1)
Q2 scalar sothat AU = 0, 0,,U = h on Fj,and O on opposite F},
. and U = 0 on the 4 remaining faces.
Q2 Hdiv cont. _
The first piece of the lifting of h is
Q2 Hdiv poly.

Hl — VU. (2)
Diagram cont.

1
Based on relations ®,, = —p,, > ¥/ and ® = /[, ¥, :

Diagram poly.
: b2 v, (y)
Appendix H. — <_ h \j m\Y
1 = nm Hn n(CU) 'Ynm(z) ?

2 2 v Vi

P P ' (x)

_ Z Z hpnm —— VEmPm(Y) Ynm(2), (3)
n=1 n=1 Hn

v (z) ¥, (y)
Vi /lim

'Yfzm(Z)>

NE
E
]

N
|
[
3
||
Y
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First term of 3D lifting to H(div) — polynomial case

—
Notation The trick is to mimic formula (3), and not the two first ones (1)-(2) ...
Questions Let h € V,(99) and h € PP~ ® PP~ ! its restriction to face 1.

Q1 continuous
Q1 polynomial
Q1 negative
Q2 scalar

Q2 Hdiv cont.
Q2 Hdiv poly.
Diagram cont.
Diagram poly.

Appendix

For
w<p>'<w> T (y)

I?‘

2 o vO'(y)  BE(2)
— _ (P) g (P) m nm
Hl = Z Z hnm M., ‘Iln (ZB) /—“(p) (p) n “(p) ’

p \Il(p)’ (p) /
“ Y b 2D fuwww(y) (B) (z() .z
n=1m=1 I,L,’(,Lp) . _I_ Hm 5

zp: zp: q;(p)/(w) \I;(p)'(y)
1 11 : / (p Mgg)
and continue, and it works...
Construct H € V,(2) such that v, H = h and such that

B (2)

HH s aiv,0) S ClPI-3 o0)
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Conclusion: Commutative diagram in the continous case 9
—
Notation Using expansions in Dirichlet and Neumann 1D bases, we have constructed
TG extension operators Ly and Ly for standard Y, and normal ~,, traces.

Q1 continuous These extension operators are uniquely determined :

Q1 polynomial e Ly bycondtion Ao Ly =0

e Ly by conditions curl o £y = 0 and Rg(divo Ly) = R.

Q1 negative
Q2 scalar They satisfy the exact sequence and commuting diagram properties :
. curl .
S& Faivcont HY(Q) -  H(ewl,®) — H@div,) 9% 12(0)
Q2 Hdiv poly. K
70H50 'le o HLN vangLavg
Diagram cont. v l ~
: Hz(8R) —— H~3(curl,d0Q) —b H-2(89Q) —5 R
Diagram poly.
Appendix The construction of £+ uses the Poincaré map K

as defined in [Gopalakrishnan,Demkowicz’04]
and goes through polynomial constructions.
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Final conclusion 10
—
Notation Construction of extension operators £, £?) and £ (P
Questions These extension operators are uniquely determined :

Q1 continuous o U = L(()p)u by / VU -VV =0, VV € W, ()
Q

Q1 polynomial (p)
o H = LNp h by / H:.curlE =0, VE € Qp,0(f2) and divH € R
Q

Q1 negative
Q2 scalar Commuting diagram properties
Q2 Hdiv cont. W, (Q) l Q, () g V,(€2) E’; L2(Q)
Q2 Hdiv poly. . l Tﬁ e . l Tﬁ () K . H £ Ty l T Lovg
Diagram cont. v curl Vave
Diagram poly. Wp(0Q2) — Qp(curl,dQ2) — Vp(0Q2) — R
Appendix Operator norms bounded independently from p
||£(()p)u||H1(Q) < C h”H%(aQ)
15 erll H(curl,Q) < Cllerlig-3 (curl,dQ)
||£|(\|p)h||H(div,Q) < C h”H—% (8K2)
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Spaces H with and without tilde »
—
Notation
Questions For s > 0:

Q1 continuous e H?(I) space of restrictions to I of functions in H*(R).
Q1 polynomial ~ ® H*(I) closure of C3°(I) in H*(R)
e H~*(I) dual space of H*(I)

Q1 negative

Q2 scalar e H°(I) dual space of H?*(I)

Q2 Hdivcont. (H°(I)), g interpolation scale and (]ﬁls I)), r interpolation scale
Q2 Hdiv poly.

The extension by 0 defines embeddings
Diagram cont. o from H*(I) into H*(R)
Diagram poly. e from H—*(I) into H—*(R), defined as the action on the restriction to I .

SRR The restriction to I defines surjective operators

e from H?(R) onto H?([I)

e from H~*(R) onto H—°(I), defined as the action on the extension by 0.
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Polynomial spaces on the cube and its boundary 12
—
Notation With tensor product spaces
Questions P(P,Qa”’)(ﬂ) = PP(I) @ PY(I) ® P"(I)
Q1 continuous set
Q1 polynomial Wp(2) = P{#PP) ()
— (p—1,p,p) (p,p—1,p) (p,p,p—1)
Q1 negative Q) = P () <8 L) I ()
Vo(2) = p(Pp—1.p—1) () x P(P~L.PP—1) () x P(P—1.P~1.P) ()
Q2 scalar
Q2 Hdiv cont. Space of traces: With the faces F' € F of ():

Q,(09) = {ec H z(curl,d0): e|r € Q,(F), VF € F}

Diagram cont. )
V,(99) {h € H 2(89Q) : h|r € PP~LP-V(F), VF € F}

Diagram poly.

AT Note that

e In W,(0€), the face traces share common values along edges,

e In Q,(0), the face traces share common values for their tangential traces
along edges,

e In V,(01), the face traces are independent of each other.



-N
Travelling in the commutative diagram

N
Notation
Questions e Polynomial trace et € Q,(12)
Q1 continuous ® h = curlso er

° HzE,(\lp)h
e F = KH thus curlF = H

Q1 polynomial

Q1 negative
Q2 scalar o curlv E =yycurlE =~ H =h
° := et — v, F satisfies curl f+ =0
Q2 Hdiv cont. Jr T Jr
e Exists u € W,(90Q): et — v, KH = Vqu
Q2 Hdiv poly.

o Uzﬁ(()p)u

Diagram cont. (p)
° ETp er:= VU + KH

Diagram poly.

Appendix



