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Abstract. In this series of two papers, we investigate the limit behaviors and the boundary
layers of the three-dimensional displacement in thin elastic plates as the thickness tends to zero,
in each of the eight main types of lateral boundary conditions on their edges: hard and soft
clamped, hard and soft simple support, friction conditions, sliding edge and free plates. This
part is devoted to the first four types of conditions. Relying on construction algorithms [6, 7],
we establish an asymptotics of the displacement combining inner and outer expansions. We
describe the two first terms in the outer expansion: these are Kirchhoff-Love displacements
satisfying prescribed boundary conditions that we exhibit. We also study the first boundary
layer term: it has generically non-zero transverse and normal components in each of these four
types of lateral conditions.

INTRODUCTION

The analysis as the thickness tends to zero of characteristic fields and tensors, so-
lutions of the three-dimensional equations of linearized elastostatics in thin elastic
plates has a twofold interest: On one hand the singular perturbation nature of the
problem is both a mechanical and mathematical challenge, and on the other hand
the knowledge of accurate asymptotics allows the construction of simplified and per-
forming numerical models.

In the case when the plate is clamped along its lateral boundary, the situation is
now well-known, at least theoretically: The comparison between 3D and 2D mod-
els was first performed by the construction of infinite formal asymptotic expansions,
see Friedrichs & Dressler [9], Gol’denveizer [10], Gregory & Wan [11].
Shortly before, Morgenstern [16] was indeed the first to prove that the Kirch-
hoff model [12] is the correct asymptotic limit of the 3D model when the thickness
approaches zero in the hard clamped, hard simply supported and free plate situa-
tions by using the Prager-Synge hypercircle theorem [20]. Next, rigorous error
estimates between the 3D solution and its limit were proved by Shoikhet [21] and
by Ciarlet and Destuynder [4, 8, 3]. Further terms were exhibited by Nazarov
& Zorin [18], and the whole asymptotic expansion was constructed by Dauge &
Gruais [6, 7].



Different types of lateral boundary conditions are of interest in mechanics: let
us quote the soft clamped plate where the tangential in-plane component of the dis-
placement is free, the hard simply supported plate where the normal component of
the displacement is free, the soft simply supported plate where both above compo-
nents of the displacement are free, and also the totally free plate. These cases were
investigated by Arnold & Falk [1] where an asymptotics for the Reissner-Mindlin
plate was constructed, and by Chen [2] where error bounds between the 3D solution
and its limit were evaluated.

In this series of two papers, we prove the validity of an infinite asymptotic expan-
sion of the displacement with optimal error estimates in H1 , L2 and energy norms.
Such an expansion can be differentiated and provides then corresponding results for
the stress and the strain tensors, see [5] for the clamped case. Like in [18] and [6, 7],
this asymptotics includes

• An outer part containing displacements only depending on the in-plane variables
x∗ and on the scaled transverse variable x3 ,

• An inner part containing exponentially decaying profiles (boundary layer terms),
depending on two scaled variables ( x3 and t = r/ε where r is the distance to
the lateral boundary).

As material law, we choose to remain in the framework of homogeneous, isotropic
materials. Such a property allows to uncouple the boundary layer terms ϕ into two
parts:

• The horizontal tangential component ϕs governed by a Laplace equation,
• The two other components ϕt and ϕ3 governed by the bi-dimensional Lamé

equations, whose solutions can themselves be uncoupled in membrane and bend-
ing modes, i.e. possessing parity properties with respect to the transverse vari-
able: the former having an even ϕt and an odd ϕ3 and the latter having
converse properties.

Thus, conditions ensuring the exponential decay at infinity of solutions of the above
problems can be made explicit, resulting into simple coupling formulas between the
inner and outer parts of the expansion. And in the end these coupling formulas
lead to the determination of boundary conditions for the limit problems (membrane
and bending) showing up as compatibility conditions in the calculation of the outer
expansion.

This paper contains eight sections, organized as follows: in section 1 we introduce
the problems on the thin plates, the eight sorts of lateral boundary conditions, the
local and scaled coordinates, and the scaled form of the problems; after that we have
enough material to present an outline of our results in the form of several tables.
In section 2 we formulate the mixed Ansatz containing outer and inner expansion
parts and give as an algorithm the construction rules for the outer part, while in
section 3 we formulate the boundary value problems on a half-strip governing the
boundary layer profiles ϕ and give in section 4 the conditions on the data ensuring
the existence of exponentially decreasing solutions to these problems. The four last
sections are devoted to each of the four types of lateral boundary conditions : hard
and soft clamped, hard and soft simple supported plates.
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1 LATERAL BOUNDARY CONDITIONS

We aim to study the behavior of the displacement field uε in a family of thin elastic
three-dimensional plates Ωε as the thickness parameter ε tends to zero. The plates
Ωε are defined as follows:

Ωε = ω × (−ε,+ε) with ω ⊂ R
2 a regular domain and ε > 0 ,

and are constituted of a homogeneous, isotropic material with Lamé constants λ and
µ .

1.1 The equations of elasticity on thin plates

As standard, let u = (u1, u2, u3) denote the displacement field, and let e(u) denote
the associated linearized strain tensor eij(u) = 1

2
(∂iuj+∂jui) . Then the stress tensor

σ(u) is given by Hooke’s law
σ(u) = Ae(u),

where the rigidity matrix A = (Aijkl) of the material is given by:

Aijkl = λ δijδkl + µ(δikδjl + δilδjk).

The inward traction field at a point on the boundary is T = (T1, T2, T3) defined as
σ(u)n where n is the unit interior normal to the boundary.

In the sequel, we make the assumption that the boundary conditions on the upper
and lower faces Γε

−

+ := ω × {−ε,+ε} are of traction type. On the lateral face

Γε
0 := ∂ω × (−ε,+ε),

we are going to consider (in this paper and in its part II) the 8 ‘canonical’ choices
of boundary conditions which will be denoted by ©i where i = 1, · · · , 8 . Indeed,
on the lateral boundary Γε

0 we can distinguish three natural components in the
displacements or the tractions: normal, horizontal tangential, vertical, and we obtain
8 ‘canonical’ lateral boundary conditions, according to how we choose to prescribe
the displacement or the traction for each component.

To u we associate its normal component un := u·n = u1n1+u2n2 on Γε
0 and its

horizontal tangential component us := u1n2−u2n1 , the vertical component being u3

and similar notations apply to T . To each boundary condition ©i corresponds two
complementary sets of indices A©i and B©i where A©i is attached to the Dirichlet
conditions of ©i , i.e. ua = 0 for each index a ∈ A©i : these are the stable conditions.
The Neumann conditions are Tb = 0 for each index b ∈ B©i and appear as natural
conditions.

Here is the table of the eight lateral boundary conditions (in boldface, those we
treat in this first part).
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©i Type Dirichlet Neumann A©i B©i

©1 hard clamped u = 0, {n, s, 3}

©2 soft clamped un, u3 = 0, Ts = 0 {n, 3} {s}

©3 hard simply supported us, u3 = 0, Tn = 0 {s, 3} {n}

©4 soft simply supported u3 = 0, Tn, Ts = 0 {3} {n, s}

©5 frictional I un, us = 0, T3 = 0 {n, s} {3}

©6 sliding edge un = 0, Ts, T3 = 0 {n} {s, 3}

©7 frictional II us = 0, Tn, T3 = 0 {s} {n, 3}

©8 free T = 0 {n, s, 3}

Table 1. Lateral boundary conditions.

To each boundary condition ©i is associated the space of displacements V©i (Ω
ε)

V©i (Ωε) = {v ∈ H1(Ωε)3 | va = 0 on Γε
0 ∀a ∈ A©i }

and the space R©i of the rigid motions satisfying the Dirichlet conditions of V©i .
Then, the variational formulation of the problem consists in finding





uε ∈ V©i (Ωε)

∀v ∈ V©i (Ω
ε),

∫

Ωε

Ae(uε) : e(v) =

∫

Ωε

f ε · v +

∫

Γε

+

gε,+ · v −

∫

Γε

−

gε,− · v,

(1.1)
where f ε represents the volume force and gε,

−

+ the prescribed horizontal tractions.
If the right hand side satisfies the compatibility condition

∀v ∈ R©i (Ω
ε),

∫

Ωε

f ε · v +

∫

Γε

+

gε,+ · v −

∫

Γε

−

gε,− · v = 0, (1.2)

then there exists a unique solution to (1.1) satisfying

∀v ∈ R©i (Ω
ε),

∫

Ωε

uε · v = 0. (1.3)

Denoting by the Greek indices α, β, γ the values in {1, 2} corresponding to the
in-plane variables, we can write the equations inside Ωε as

(λ+ µ) ∂α divuε + µ∆uε
α = −f ε

α , α = 1, 2, (1.4a)

(λ+ µ) ∂3 divuε + µ∆uε
3 = −f ε

3 . (1.4b)

The boundary conditions on the horizontal sides Γε
−

+ are

2µ eα3(u
ε) = gε,

−

+

α , α = 1, 2, (1.5a)

2µ ∂3u
ε
3 + λ divuε = g

ε,
−

+

3 . (1.5b)

The boundary conditions on the lateral side Γε
0 can be written as

uε
a = 0, ∀a ∈ A©i and T ε

b = 0, ∀b ∈ B©i . (1.6)
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1.2 Local coordinates

In order to obtain precise formulas for our asymptotics, we have to use local coordi-
nates (r, s) in a neighborhood of the lateral boundary Γε

0 . Of course, it is enough
to define such local coordinates in a plane neighborhood of ∂ω .

Let n be the inner unit normal to ∂ω and τ be the tangent unit vector field
to ∂ω such that the basis (τ ,n) is direct in each point of ∂ω . Denote by s a
curvilinear abscissa (arc length) along ∂ω oriented according to τ . Let S ∼ ∂ω be
the set of the values of s :

S ∋ s 7−→ γ(s) ∈ ∂ω.

For a point x∗ ∈ R
2 , let r = r(x∗) be its signed distance to ∂ω oriented along n ,

i.e. r is this distance if x∗ ∈ ω and r is minus this distance if x∗ 6∈ ω . If |r| is
small enough, there exists a unique point x0

∗ ∈ ∂ω such that |r| = dist(x∗, x
0
∗) and

we define s = s(x∗) as the curvilinear abscissa of x0
∗ . Thus, we have a tubular neigh-

borhood of ∂ω which is diffeomorphic to (−r0, r0) × S via the change of variables
x∗ 7→ (r, s) . And, in this tubular neighborhood, the partial derivatives ∂r and ∂s

are well defined (and, of course, commute with each other).

We extend the vector fields n and τ from S to (−r0, r0) × S by

∀r ∈ (−r0, r0), ∀s ∈ S, n(r, s) = n(s) and τ (r, s) = τ (s).

We have

n =
(
n1

n2

)
and τ =

(
n2

−n1

)
.

Moreover, we have the identities

∂rn = 0 and ∂rτ = 0

and Frenet’s relations

∂sn = −
1

R
τ and ∂sτ =

1

R
n,

where R = R(s) is the curvature radius of ∂ω at s from inside ω . Let us recall
that 1

R
= κ is the curvature. Thus, relying on the relation x∗ = γ(s) + rn(s) , we

obtain
∂r = n1∂1 + n2∂2 and ∂s = (1 −

r

R
)(n2∂1 − n1∂2). (1.7)

Of course ∂n = ∂r . In view of (1.7) we introduce the following extension to (−r0, r0)×
S of the functions un , us , Tn , Ts which were formerly defined on ∂ω :

un = n1u1 + n2u2 and us = (1 −
r

R
)(n2u1 − n1u2), (1.8a)

Tn = n1T1 + n2T2 and Ts = (1 −
r

R
)(n2T1 − n1T2). (1.8b)
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With these definitions, we obtain that the normal, tangential horizontal and (tan-
gential) vertical components of the traction T ε on Γε

0 are given by respectively

T ε
n = λ divuε + 2µ ∂nu

ε
n, (1.9a)

T ε
s = µ(∂su

ε
n + ∂nu

ε
s + 2

R
uε

s), (1.9b)

T ε
3 = µ(∂nu

ε
3 + ∂3u

ε
n). (1.9c)

1.3 The scaling

To study the behavior of the unknown uε as ε tends to zero, we make a dilatation
along the vertical axis ( x3 = ε−1 x̃3 ) in order to have a fixed reference configuration
Ω :

x̃ = (x̃1, x̃2, x̃3) ∈ Ωε 7→ x = (x1, x2, x3) ∈ Ω, where Ω = ω × (−1,+1). (1.10)

Then, the new unknown displacement is a vector field denoted by u(ε) which we
define for purpose of homogeneity by:

uα(ε)(x) = uε
α(x̃), α = 1, 2, u3(ε)(x) = ε uε

3(x̃). (1.11)

We may assume without theoretical restriction that the asymptotic expansion of the
unknown displacement will begin with a zero-th order term in ε : to this aim, we
make an additional assumption on the right hand side, namely

f ε
α(x̃) = fα(x), α = 1, 2, ε−1f ε

3 (x̃) = f3(x), (1.12a)

ε−1gε,
−

+

α (x̃) = g−

+

α(x∗), α = 1, 2, ε−2g
ε,

−

+

3 (x̃) = g−

+

3 (x∗). (1.12b)

To simplify, we assume that the data f and g−

+
are regular up to the boundary,

i.e. f ∈ C ∞(Ω)3 and g−

+
∈ C ∞(ω)3 . This suitable scaling of the data is proved

as necessary in Miara [14], where it is only assumed that the loads can be given
arbitrarily with respect to x (and of course that the expansion starts with ε0 ). So
this assumption of scaling is the correct one.

After the scaling (1.11), (1.12), problem (1.1) is transformed into the new bound-
ary value problem (1.13)-(1.15) on Ω , whose solution is u = u(ε) . To formulate
it, we use the repeated index convention. Moreover u∗ is a condensed notation
for (u1, u2) , div∗ u∗ denotes ∂1u1 + ∂2u2 and ∆∗ denotes the horizontal Laplacian
∂11 + ∂22 .

The in-plane components, indexed by α = 1, 2 , and the vertical component of
the interior equations in Ω are:

2µ ∂3eα3(u) + λ ∂α3u3 + ε2
(
(λ+ µ)∂α div∗ u∗ + µ∆∗uα

)
= −ε2fα, (1.13a)

(λ+ 2µ)∂33u3 + ε2
(
λ ∂3 div∗ u∗ + 2µ ∂γeγ3(u)

)
= −ε4f3. (1.13b)
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The boundary conditions on the horizontal sides Γ
−

+ := {x3 = −+1} ∩ ∂Ω are

2µ eα3(u) = ε2g−

+

α , α = 1, 2, (1.14a)

(λ+ 2µ)∂3u3 + ε2 λ div∗ u∗ = ε4g−

+

3 . (1.14b)

The boundary conditions on the lateral side Γ0 = ∂ω × (−1, 1) can be written as

ua = 0, ∀a ∈ A©i and Tb = 0, ∀b ∈ B©i . (1.15)

The normal, tangential horizontal and vertical components of the traction T =
T (ε) on Γ0 are given by respectively

Tn(ε) = λ ∂3u3(ε) + ε2
(
λ div∗ u∗(ε) + 2µ ∂nun(ε)

)
, (1.16a)

Ts(ε) = ε2µ
(
∂sun(ε) + ∂nus(ε) + 2

R
us(ε)

)
, (1.16b)

T3(ε) = µ
(
∂nu3(ε) + ∂3un(ε)

)
. (1.16c)

1.4 Outline of results

Just as in the well-known situation of the clamped plate, the scaled displacement
u(ε) tends in Ω to a Kirchhoff-Love displacement. By extension we introduce

Definition 1.1 A displacement u in Ωε is called a Kirchhoff-Love displacement if
there exists a displacement ζ = (ζ1, ζ2, ζ3) in the mean surface ω (i.e. function of
the in-plane variable x∗ only) such that

u = (ζ1 − x̃3∂1ζ3, ζ2 − x̃3∂2ζ3, ζ3).

ζ is called the generator of u , and the scaled displacement associated with u in
Ω has exactly the same form with x̃3 replaced by x3 . The bending and membrane
parts of u are respectively

uKL,b = (−x̃3∂1ζ3,−x̃3∂2ζ3, ζ3) and uKL,m = (ζ1, ζ2, 0). (1.17)

We prove in this paper (see Theorems 5.1, 6.1, 7.1, 8.1) that the displacement uε

can be expanded in the following way in the sense of asymptotic expansions∗

uε ≃
1

ε
u0

KL,b + u0
KL,m + u1

KL,b + ε(u1
KL,m + u2

KL,b + ṽ1 +ϕ1) + . . .

. . .+ εk(uk
KL,m + uk+1

KL,b + ṽk +ϕk) + · · ·
(1.18)

where

∗This means that if a norm is fixed — for example the H1 or the L2 norm of the displacements,
or the energy — then there exists a shift d such that for any k the norm of the difference bet-
ween uε and the truncated series of (1.18) at the order k is estimated by ckε

k−d . More precise
considerations about the estimates will be addressed in Part II.
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• uk
KL,b and uk

KL,m are the bending and membrane parts of a Kirchhoff-Love
displacement with generator ζk = (ζk

1 , ζ
k
2 , ζ

k
3 ) ;

• ṽk = ṽk(x∗,
x̃3

ε
) , i.e. does not depend on ε in the scaled domain Ω ;

• ϕk = ϕk( r
ε
, s, x̃3

ε
) is a boundary layer profile.

The generators (ζk
1 , ζ

k
2 ) = ζk

∗ and ζk
3 of the above Kirchhoff displacements are

solutions of membrane and bending equations respectively, with boundary conditions
on ∂ω involving, in each of the four investigated cases:

Membrane part Bending part

©1 ζn ζs ζ3 ∂nζ3

©2 ζn Tm
s (ζ∗) ζ3 ∂nζ3

©3 Tm
n (ζ∗) ζs ζ3 Mn(ζ3)

©4 Tm
n (ζ∗) Tm

s (ζ∗) ζ3 Mn(ζ3)

Table 2. Boundary conditions for the Kirchhoff-Love displacements.

Here ζn and ζs are the normal and tangential components of ζ∗ , Tm
n and Tm

s

are the normal and tangential components of the traction (3.1) associated with the
membrane operator, and Mn is the second order boundary operator (3.2a) associated
with the bending operator. The mechanical interpretation of Mn states that it
corresponds to the ‘Kirchhoff bending moment’ on the lateral side of the plate.

Unlike the case of the four other lateral boundary conditions, the boundary data
for ζ0 are all zero. All the boundary data for ζ1 are special traces of ζ0 , according
to the next table (we recall that κ is the curvature of ∂ω )

Membrane part Bending part

©1 div∗ ζ
0
∗ 0 0 ∆∗ζ

0
3

©2 div∗ ζ
0
∗ ∂s div∗ ζ

0
∗ 0 ∆∗ζ

0
3

©3 κ2 ζ0
n 0 0 κ2 ∂nζ

0
3

©4 κ div∗ ζ
0
∗ ∂s div∗ ζ

0
∗ 0 (κ2 + ̺ ∂ss) ∂nζ

0
3

Table 3. Boundary data for ζ1 .

Here, ̺ depends only on λ and µ and we omit other multiplicative constants
also depending only on the Lamé coefficients in front of each the boundary values:
these multiplicative constants come from typical boundary layer profiles.

The first non-Kirchhoff displacement ṽ1 is also completely determined by ζ0 ,
but in a way which does not depend on the lateral boundary conditions:

ṽ1(x∗, x3) =
λ

6(λ+ 2µ)

(
0, 0, −6x3 div∗ ζ

0
∗ + (3x2

3 − 1) ∆∗ζ
0
3

)
. (1.19)
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The first boundary layer profile ϕ1 can be described as a sum of three terms in
tensor product form in the variables s and (t, x3) with t = r

ε
:

ϕ1 = ℓm(s) ϕ̄m(t, x3) + ℓb(s) ϕ̄b(t, x3) + ℓs(s) ϕ̄s(t, x3) . (1.20)

Here ϕ̄m , ϕ̄b and ϕ̄s are typical profiles whose components have special parities
with respect to x3 :

Components ϕ̄m ϕ̄b ϕ̄s

Normal even odd 0

Horizontal tangential 0 0 odd

Vertical odd even 0

Table 4. Typical boundary layer profiles.

The functions ℓ are given as traces of ζ0 along the boundary ∂ω according to
the following table :

Case ℓm ℓb ℓs

©1 and ©2 div∗ ζ
0
∗ ∆∗ζ

0
3 0

©3 κ ζ0
n κ ∂nζ

0
3 0

©4 div∗ ζ
0
∗ κ ∂nζ

0
3 ∂s(∂nζ

0
3 )

Table 5. Lateral traces coming up in the first boundary layer profile.

Note the presence of κ in front of the traces for the hard simple support case:
the existence of boundary layer terms is linked to non zero curvature, compare also
with [2]. The regularity of the main profiles is discussed in Part II.

2 INNER – OUTER EXPANSION ANSATZ

2.1 The Ansatz

Starting from the hard clamped plate situation [5, 6, 7], it is natural to propose an
Ansatz for u(ε) combining a power series like

∑
k ε

kuk(x) (outer expansion) and
a boundary layer series like

∑
k ε

kwk(rε−1, s, x3) (inner expansion), with r being
the distance to ∂ω and s an arc-length coordinate in ∂ω . In the sequel, t denotes
r ε−1 .

We use also the splitting of coordinates, components and gradients in plane and
vertical variables x = (x∗, x3) , ζ = (ζ∗, ζ3) and ∇ = (∇∗, ∂3)

⊤ .

The Ansatz contains three types of terms:
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• uk
KL : Kirchhoff-Love displacements with ‘generating functions’ ζk = (ζk

∗ , ζ
k
3 ) ,

i.e. uk
KL(x) =

(
ζk
∗ (x∗) − x3∇∗ζ

k
3 (x∗), ζ

k
3 (x∗)

)
,

• vk : displacements with zero mean value: ∀x∗ ∈ ω,
∫ +1

−1
vk(x∗, x3) dx3 = 0 ,

• wk : exponentially decreasing profiles as t→ +∞ and χ is a cut-off function
equal to 1 in a neighborhood of ∂ω ,

and can be written as:

u(ε)(x) ≃ u0
KL + εu1(x,

r

ε
) + · · · + εkuk(x,

r

ε
) + · · · (2.1)

where
u1(x, t) = u1

KL + χ(r)w1(t, s, x3) with w1
3 = 0,

uk(x, t) = uk
KL + vk + χ(r)wk(t, s, x3) for k ≥ 2.

(2.2)

The links with expansion (1.18) on the thin plates are simply provided by the
following relations

uk
KL,b + uk

KL,m = uk
KL, ṽk = (vk

∗ , v
k+1
3 ), ϕk = (wk

∗ , w
k+1
3 ). (2.3)

The determination of the asymptotics (2.1) can be split into two steps. The first
one consists in finding all suitable power series

u(ε)(x) ≃ u0(x) + εu1(x) + · · ·+ εkuk(x) + · · · (2.4)

which solve in the sense of asymptotic expansions the interior equations (1.13) in Ω
and conditions (1.14) of traction on the horizontal sides Γ

−

+ . We refer to Maz’ya,
Nazarov & Plamenevskii [13, Ch.15] for general developments relating to the
structure of expansion (2.4).

We will see in the sequel that all the terms in the suitable series (2.4) are strictly
determined except the only elliptic traces of the Kirchhoff-Love generators ζk . The
second step which we will initiate in section 3, consists in finding the profiles wk

so that
∑

k ε
kwk(rε−1, s, x3) solves equations (1.13) in Ω with zero volume force,

conditions (1.14) of zero traction and so that the lateral boundary conditions (1.15)
are satisfied by the complete Ansatz. The outcome will be that the existence of ex-
ponentially decaying profiles are subordinated to the determination of the remaining
degrees of freedom in the series (2.4). This will be made explicit in each of the four
cases ©1 to ©4 . Here we leave the question of the estimates of u(ε) minus any trun-
cated series from (2.1) because the results and the way of proving them are strictly
similar to what is presented in [5, 6, 7]. A more detailed remark on the estimates will
be given in Part II.

2.2 The algorithms of the outer expansion part

This section is devoted to the construction of the most general power series (2.4)
solving (1.13)-(1.14). Let us introduce the two operators A and B which associate
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to a displacement u in Ω a volume force in Ω and tractions on the horizontal sides
on Γ

−

+ according to:

Au =

(
2µ ∂3eα3(u) + λ ∂α3u3 , (λ+ 2µ)∂33u3 ; 2µ eα3(u)

∣∣∣
Γ
−

+

, (λ+ 2µ)∂3u3

∣∣∣
Γ
−

+

)

Bu =

(
(λ+ µ)∂α div∗u∗ + µ∆∗uα , λ ∂3 div∗u∗ + 2µ ∂γeγ3(u) ; 0

∣∣∣
Γ
−

+

, λ div∗u∗

∣∣∣
Γ
−

+

)

the first group of arguments being the in-plane volume forces, the second, the trans-
verse volume force, and similarly for the tractions. Solving (1.13)-(1.14) by a power
series (2.4) is equivalent to solve the system of equations





Auk = 0 for k = 0, 1,

Au2 +Bu0 =
(
−fα , 0 ; g−

+

α

∣∣∣
Γ
−

+

, 0
∣∣∣
Γ
−

+

)
,

Au4 +Bu2 =
(
0 , −f3 ; 0

∣∣∣
Γ
−

+

, g−

+

3

∣∣∣
Γ
−

+

)
,

Auk +Buk−2 = 0, for k = 3 and k ≥ 5.

(2.5)

It is well known that the solutions of the problem Au = 0 are the Kirchhoff-
Love displacements. Thus u0 = u0

KL and u1 = u1
KL , with generators ζ0 and ζ1

respectively, i.e.:

uk
KL(x) =

(
ζk
∗ (x∗) − x3∇∗ζ

k
3 (x∗), ζ

k
3 (x∗)

)
for k = 0, 1.

In order to solve the series of equations of odd order Auk + Buk−2 = 0 , let us
introduce the operator V .

Definition 2.1 The operator V : ζ 7→ V ζ is defined from C
∞(ω)3 into C

∞(Ω)3

by
(V ζ)α = p̄2 ∂α div∗ ζ∗ + p̄3 ∂α∆∗ζ3

(V ζ)3 = p̄1 div∗ ζ∗ + p̄2 ∆∗ζ3
(2.6)

with p̄j for j = 1, 2, 3 the polynomials in the variable x3 of degrees j defined as

p̄1(x3) = −
λ̃

2µ
x3, p̄2(x3) =

λ̃

4µ

(
x2

3 −
1

3

)
,

p̄3(x3) =
1

12µ

(
(λ̃+ 4µ) x3

3 − (5λ̃+ 12µ) x3

)
.

(2.7)

Here λ̃ denotes the ‘homogenized’ Lamé coefficient 2λµ(λ+ 2µ)−1 .

Recall that ∆∗ denotes the horizontal Laplacian ∂11 + ∂22 and let ∆∗ denote
the diagonal horizontal Laplacian. Let Lm be the membrane operator (plane stress
model)

Lmζ∗ = µ∆∗ζ∗ + (λ̃+ µ)∇∗ div∗ ζ∗ . (2.8)

Then direct computations yield
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Lemma 2.2 Let ζ belong to C ∞(ω)3 and let uKL be the associated Kirchhoff-Love
displacement. Then the field V ζ is the unique solution with zero mean values on
each fiber x∗ × (−1, 1) of the problem

A(V ζ) +B(uKL) =
(
Lmζ∗ , 0 ; 0

∣∣∣
Γ
−

+

, 0
∣∣∣
Γ
−

+

)
. (2.9)

Then, if Lmζ1
∗ = 0 , we can take u3 = u3

KL+V ζ1 . In order to proceed, we remark
that each component of B(V ζ) can be split into two parts, both of them being the
product of a polynomial in x3 and of ∆∗ div∗ ζ∗ or ∆2

∗ζ3 , or a derivative of these
expressions. Introducing the bending operator

Lbζ3 = (λ̃+ 2µ)∆2
∗ζ3 , (2.10)

we easily obtain that if Lmζ∗ and Lbζ3 are zero, then B(V ζ) is zero, too. Thus,
the odd part of the outer Ansatz is solved, since we obtain by an induction argument:

Proposition 2.3 For any k = 1, 3, 5, . . . let ζk be such that

Lmζk
∗ = 0 and Lbζk

3 = 0.

Then, setting for k = 3, 5, . . .

uk = uk
KL + V ζk−2 ,

we obtain all the solutions of the odd order equations in system (2.5).

Let us consider now the equations of even order. The operator A is block triangu-
lar and its diagonal is made of ordinary Neumann problems on the interval (−1, 1) .
So actually, in order to have solvability for these problems, compatibility conditions
are required on the right-hand sides. Conversely, if the problems are solvable, the
solutions are uniquely determined if we require that they have a mean value zero on
each fiber x∗ × (−1, 1) with x∗ ∈ ω .

With u0 = u0
KL , we will find u2 being of the form u2

KL +V ζ0 +G(f , g−

+) , where
G is another solution operator. But prior to this, we need two sorts of primitive of
an integrable function u on the interval (−1,+1) :

Notation 2.4 Let us introduce:

• The primitive of u with zero mean value on (−1,+1)

∮ x3

u dy3 :=

∫ x3

−1

u(y3) dy3 −
1

2

∫ +1

−1

∫ z3

−1

u(y3) dy3 dz3,

• The primitive of u which vanishes in −1 and 1 if u has a zero mean value
on (−1,+1) and which is even, resp. odd, if u is odd, resp. even

∫ y3

− u dz3 :=
1

2

(∫ y3

−1

u(z3) dz3 −

∫ +1

y3

u(z3) dz3

)
.

12



Definition 2.5 The operator G : (f , g−

+
) 7→ G(f , g−

+
) is defined from C ∞(Ω)3 ×

C ∞(ω)6 into C ∞(Ω)3 by
(G(f , g−

+

))3 = 0

and

(G(f , g−

+

))α =
1

2µ

∮ x3
[
−2

∫ y3

− fα +
(
g+

α − g−α +

∫ +1

−1

fα

)
y3 + g+

α + g−α

]
dy3 .

The reason for the introduction of G is

Lemma 2.6 For any (f , g−

+
) ∈ C ∞(Ω)3×C ∞(ω)6 , G(f , g−

+
) is the unique solution

with zero mean values on each fiber x∗ × (−1, 1) of the problem

A
(
G(f , g−

+

)
)

=

(
−fα +

1

2

[∫ +1

−1

fα dx3 + g+
α − g−α

]
, 0 ; g−

+

α

∣∣∣
Γ
−

+

, 0
∣∣∣
Γ
−

+

)
.

Now, we can see that if we set

R0
m(x∗) = −

1

2

[∫ +1

−1

f∗(x∗, x3) dx3 + g+
∗ (x∗) − g

−
∗ (x∗)

]
, (2.11)

for any ζ0
∗ satisfying the membrane equation

Lm(ζ0
∗) = R0

m, (2.12)

the displacement u2 = u2
KL + V ζ0 +G(f , g−

+
) solves the equation of order k = 2 of

system (2.5). We denote by v2 = V ζ0 + G its part with zero mean values on each
fiber x∗ × (−1, 1) .

In order to go further in solving the even part of the Ansatz, we are going to
introduce a residual operator F = (F∗, F3) and a new solution operator W .

Definition 2.7 (i) The operator F : v 7→ Fv = (F∗v, F3v) is defined from
C ∞(Ω)3 into C ∞(ω)3 by

(F∗v)α =
λ̃

2

∫ +1

−1

∫ y3

− ∂αγeγ3(v) dz3 dy3

and

F3v = µ

∫ +1

−1

∂γeγ3(v) dy3.

(ii) The operator W : v 7→Wv is defined from C ∞(Ω)3 into itself by

(Wv)3 = −

∮ x3
(
λ̃

2µ
div∗ v∗ +

λ̃

λ

∫ y3

− ∂γeγ3(v)

)
dy3

and

(Wv)α = −

∮ x3
(
∂α(Wv)3 +

∫ y3

−
(λ
µ
∂α3(Wv)3 +

λ+ µ

µ
∂α div∗ v∗ + ∆∗vα

))
dy3 .

13



With these operators, we can prove

Lemma 2.8 Let v in C ∞(Ω)3 be a displacement field with zero mean values on
each fiber x∗ × (−1, 1) , x∗ ∈ ω . Then Wv has also zero mean values on each fiber
x∗ × (−1, 1) and solves the problem

A(Wv) +B(v) =
(
0 , 0 ; −+F∗(v)

∣∣∣
Γ
−

+

, +− F3(v)
∣∣∣
Γ
−

+

)
.

Now, it is natural to search for u4 with the form u4
KL +V ζ2 +W (V ζ0 +G)+H .

In view of Lemmas 2.2 and 2.8, with such an Ansatz, H has to solve the problem

AH =
(
−Lm(ζ2

∗) , −f3 ; +− F∗(V ζ
0 +G)

∣∣∣
Γ
−

+

, g−

+

3 −+ F3(V ζ
0 +G)

∣∣∣
Γ
−

+

)
. (2.13)

Thus, it is important to have more information about F (V ζ0 +G) . It is not difficult
to check:

Lemma 2.9 For all ζ in C ∞(ω)3 we have

F∗(V ζ) = 0 and F3(V ζ) = −
1

3
Lbζ3 .

Moreover, we have

F3(G) =
1

2
div∗

[∫ +1

−1

x3 f∗ dx3 + g+
∗ + g−∗

]
. (2.14)

Then there holds

Lemma 2.10 Let R0
b be defined as

R0
b =

3

2

[∫ +1

−1

f3 dx3 + g+
3 − g−3 + div∗

(∫ +1

−1

x3 f∗ dx3 + g+
∗ + g−∗

)]
, (2.15)

and R2
m be defined as

R2
m = F∗(G) −

λ̃

4µ
∇∗

[∫ +1

−1

x3 f3 dx3 + g+
3 + g−3

]
. (2.16)

If the following conditions are satisfied

Lb(ζ0
3) = R0

b and Lm(ζ2
∗) = R2

m, (2.17)

then equation (2.13) admits a unique solution H = H(f , g−

+
) with zero mean values

on each fiber x∗ × (−1, 1) which is given by

H3 =
1

2(λ+ 2µ)

∮ x3
[(
−2

∫ y3

− f3

)
+ g+

3 + g−3

]
dy3

and

Hα = −

∮ x3
[
∂αH3 +

1

µ
y3 F∗(G) +

λ

µ

∫ y3

−

{
∂α3H3 −

1

2

∫ +1

−1

∂α3H3 dz3

}]
dy3 .
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Thus, we have found u4 as u4
KL + v4 where v4 has zero mean values on each

fiber x∗ × (−1, 1) : v4 is given by V ζ2 +W (V ζ0 +G) +H = V ζ2 +Wv2 +H .

Next, we search for a u6 with the form u6
KL + V ζ4 + Wv4 + X . In view of

Lemmas 2.2 and 2.8, with such an Ansatz, X has to solve the problem

AX =
(
−Lm(ζ4

∗) , 0 ; +− F∗(v
4)
∣∣∣
Γ
−

+

, −+ F3(v
4)
∣∣∣
Γ
−

+

)
. (2.18)

This problem is solvable (i) if F3(v
4) is zero, which holds true if

Lbζ2
3 = 3F3(Wv

2 +H),

and (ii) if Lm(ζ4
∗) = F∗(v

4) , compare Lemma 2.10. Then X = X(ζ4
∗) solves equation

(2.18), with the solution operator X defined as

Definition 2.11 For ζ∗ ∈ C
∞(ω)2 , X = X(ζ∗) is defined as

X3 = 0 and X∗ = −2 λ̃−1 p̄2 L
m(ζ∗) .

And from now on, the solution of the series of equations (2.5) is self-similar.
Summarizing, we obtain by induction that every expansion (2.4) solving (1.13)-(1.14)
can be described according to Table 6 below, where G and H are a condensed
notation for G(f , g−

+) and H(f , g−

+) respectively and Rk
m and Rk

b are the prescribed
values for Lm(ζk

∗ ) and Lb(ζk
3 ) respectively (note that R0

m , R2
m and R0

b are defined
in (2.11), (2.16) and (2.15)). Here, the even order terms and the odd order ones are
independent from each other. We will see later on that they are connected by the
lateral boundary conditions via the boundary layer terms.

k uk vk xk−2 Rk
m Rk

b

0 u0
KL — — R0

m R0
b

2 u2
KL + v2 V ζ0 + x0 G R2

m 3F3(Wv
2 + H)

4 u4
KL + v4 V ζ2 + x2 Wv2 + H F∗v

4 3F3(Wv
4 + Xζ4

∗)

2ℓ+2 u2ℓ+2
KL + v2ℓ+2 V ζ2ℓ + x2ℓ Wv2ℓ + Xζ2ℓ

∗ F∗v
2ℓ+2 3F3(Wv

2ℓ+2+Xζ2ℓ+2
∗ )

1 u1
KL — — 0 0

2ℓ+1 u2ℓ+1
KL + v2ℓ+1 V ζ2ℓ−1 — 0 0

Table 6. Algorithm formulas.

We emphasize that each term uk in the algorithm is the sum of two terms uk =
uk

KL + vk with uk
KL representing the general solution of homogeneous Neumann

problems for ordinary differential equations over each fiber x∗ × (−1, 1) and vk

being particular solutions of inhomogeneous ordinary Neumann problems across the
thickness with mean value zero.
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2.3 Formulas for the determined part of the displacements

The formulas in Table 6 giving the vk yield in a straightforward way that

v2k+1 = V ζ2k−1 ,

v2k+2 =
k∑

ℓ=0

W ℓ ◦ V ζ2(k−ℓ) +
k−2∑

ℓ=0

W ℓ ◦Xζ2(k−ℓ)
∗

+W k ◦G(f , g−

+) +W k−1 ◦H(f , g−

+)

(2.19)

with the convention that W−1 = 0 and W 0 = Id .

Using the definitions of V and W , we can prove

Lemma 2.12 For ℓ = 0, 1, · · · , we have the following formulas for the iterates W ℓ ◦
V

(W ℓ ◦ V ζ)α = r̄2ℓ+2 ∂α∆ℓ
∗ div∗ ζ∗ + r̄2ℓ+3 ∂α∆ℓ+1

∗ ζ3

(W ℓ ◦ V ζ)3 = q̄2ℓ+1 ∆ℓ
∗ div∗ ζ∗ + q̄2ℓ+2 ∆ℓ+1

∗ ζ3
(2.20)

with q̄j , r̄j the polynomials in the variable x3 of degrees j and of parities j defined
recursively as

q̄1 = p̄1, q̄2 = p̄2, r̄2 = p̄2, r̄3 = p̄3,

with p̄j for j = 1, 2, 3 the polynomials defined in (2.7), and

q̄j(x3) = −

∮ x3
(
λ̃

2µ
r̄j−1 +

λ̃

2λ

∫ y3

− (q̄j−2 + r̄ ′
j−1)

)
dy3, for j ≥ 3

r̄j(x3) = −

∮ x3
(
q̄j−1 +

∫ y3

−
(λ
µ
q̄ ′

j−1 +
λ+ 2µ

µ
r̄j−2

))
dy3, for j ≥ 4.

(2.21)

Similarly, using the definition of X we are able to show

Lemma 2.13 For ℓ = 0, 1, · · · , we have the following formulas for the iterates W ℓ ◦
X

(W ℓ ◦Xζ∗)α = s̄2ℓ+2 ∂α∆ℓ
∗ div∗ ζ∗ + t̄2ℓ+2 ∆ℓ+1

∗ ζα

(W ℓ ◦Xζ∗)3 = s̄2ℓ+1 ∆ℓ
∗ div∗ ζ∗

(2.22)

with s̄j and t̄j the polynomials in the variable x3 of degrees j and of parities j
defined recursively as

s̄1 = 0, s̄2 = −
λ+ 2µ

λ
p̄2 and t̄2 = −

3λ+ 2µ

λ
p̄2

with p̄2 given in (2.7), and for ℓ ≥ 1 :

s̄2ℓ+1(x3) = −

∮ x3
(
λ̃

2µ
(s̄2ℓ + t̄2ℓ) +

λ̃

2λ

∫ y3

− (s̄2ℓ−1 + s̄ ′
2ℓ + t̄ ′2ℓ)

)
dy3,

s̄2ℓ+2(x3) = −

∮ x3
(
s̄2ℓ+1 +

∫ y3

−
(λ
µ
s̄ ′

2ℓ+1 +
λ+ µ

µ
(s̄2ℓ + t̄2ℓ) + s̄2ℓ

))
dy3,

t̄2ℓ+2(x3) = −

∮ x3
(∫ y3

− t̄2ℓ

)
dy3.

(2.23)
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Condensing G(f , g−

+
) into G and H(f , g−

+
) into H , we obtain the following

formulas for the first vk ( k even).

v2
α = p̄2 ∂α div∗ ζ

0
∗ + p̄3 ∂α∆∗ζ

0
3 + Gα

v2
3 = p̄1 div∗ ζ

0
∗ + p̄2 ∆∗ζ

0
3 ,

(2.24)

v4
α = p̄2 ∂α div∗ ζ

2
∗ + p̄3 ∂α∆∗ζ

2
3 + r̄4 ∂α∆∗ div∗ ζ

0
∗ + r̄5 ∂α∆2

∗ζ
0
3 + (WG+H)α

v4
3 = p̄1 div∗ ζ

2
∗ + p̄2 ∆∗ζ

2
3 + q̄3 ∆∗ div∗ ζ

0
∗ + q̄4 ∆2

∗ζ
0
3 + (WG+H)3 .

(2.25)

3 THE PRINCIPLES OF CONSTRUCTION OF THE INNER EX-
PANSION PART

After the construction of the most general power series (2.4) solving (1.13)-(1.14), we
see that the only remaining degrees of freedom are the elliptic traces of the Kirchhoff-
Love generators ζk : that means two traces of ζk

∗ covering the membrane operator
Lm (2.8) and two traces of ζk

3 covering the bending operator Lb (2.10).

3.1 The membrane and bending boundary conditions

At this point, it is important to write down the Dirichlet and Neumann conditions
associated to the membrane and bending operators.

(i) Membrane. The bilinear form associated with the membrane operator Lm , cf
(2.8) is:

a(ζ∗,η∗) =

∫

ω

λ̃ eαα(ζ∗) eββ(η∗) + 2µ eαβ(ζ∗) eαβ(η∗)

with the homogenized Lamé coefficient λ̃ = 2λµ(λ+2µ)−1 . In normal and tangential
components, cf (1.8)

ζn = n1ζ1 + n2ζ2 and ζs = (1 −
r

R
)(n2ζ1 − n1ζ2),

the Dirichlet traces are simply (ζn, ζs) on ∂ω , and the Neumann traces are

Tm
n (ζ∗) = λ̃ div∗ ζ∗ + 2µ ∂nζn, (3.1a)

Tm
s (ζ∗) = µ(∂sζn + ∂nζs + 2

R
ζs), (3.1b)

where ∂n and ∂s are defined in (1.7).

(ii) Bending. The bilinear form associated with the bending operator Lb , cf (2.10)
is:

b(ζ3, η3) =

∫

ω

λ̃ ∂ααζ3 ∂ββη3 + 2µ ∂αβζ3 ∂αβη3.

Its Dirichlet traces are ζ3 and ∂nζ3 on ∂ω , whereas the Neumann traces are

Mn(ζ3) = λ̃∆∗ζ3 + 2µ ∂nnζ3, (3.2a)

Nn(ζ3) = (λ̃+ 2µ)∂n∆∗ζ3 + 2µ ∂s(∂n + 1
R
)∂sζ3. (3.2b)
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3.2 The equations of the inner expansion

As will be seen in detail for each case, the elliptic traces of the Kirchhoff-Love gen-
erators ζk are determined along with the computation of the boundary layer terms
wk . To this aim, we notice that the boundary layer Ansatz, namely

∑
k≥1 ε

kwk

must satisfy the equations (1.13) inside Ω with vanishing right hand side and the
boundary conditions (1.14) of zero traction on the horizontal faces of Ω , and must
compensate for the lateral boundary conditions of the power series

∑
k≥0 ε

kuk so
that the lateral boundary conditions (1.15) are fulfilled. We present in this section
some common features of all problems.

(i) Lateral boundary conditions. In order to obtain the relations which have
to be satisfied by the inner part of the expansion, we evaluate the boundary conditions
for a displacement u of the form

u(ε)(x) = u(x) + (ϕ∗, εϕ3)(
r

ε
, s, x3), (3.3)

where u =
∑

k≥0 ε
kuk and ϕ =

∑
k≥1 ε

kϕk .

The form of the boundary layer term (ϕ∗, εϕ3) is suggested by considerations
about the symmetries of the elasticity operators: indeed we return with ϕ to the
homogeneity of the original unknown uε . Such a form allows a sort of conservation
of each term of the strain tensor (possibly multiplied by a power of ε ). We denote
by ϕt the normal component of ϕ .

For u of the form (3.3), the formulas for the lateral Dirichlet conditions are
obvious, and the lateral Neumann conditions can be written with the help of the
boundary operators acting on the profiles ϕ

T
(0)
t (ϕ) = λ ∂3ϕ3 + (λ+ 2µ)∂tϕt, T

(1)
t (ϕ) = λ(∂sϕs −

1
R
ϕt),

T (0)
s (ϕ) = µ ∂tϕs, T (1)

s (ϕ) = µ(∂sϕt + 2
R
ϕs),

T
(0)
3 (ϕ) = µ(∂tϕ3 + ∂3ϕt).

(3.4)

Thus, we can write the components of the lateral traction, cf (1.16), as

Tn(ε) = ε T
(0)
t (ϕ) + ε2T

(1)
t (ϕ) + λ ∂3 u3 + ε2

(
λ div∗ u∗ + 2µ ∂nun

)
(3.5a)

Ts(ε) = ε T (0)
s (ϕ) + ε2T (1)

s (ϕ) + ε2µ
(
∂sun + ∂nus + 2

R
us

)
(3.5b)

T3(ε) = T
(0)
3 (ϕ) + µ(∂nu3 + ∂3un). (3.5c)

(ii) Interior equations. In variables (t, s, x3) and unknowns

ϕ = (ϕt, ϕs, ϕ3) ∼ (w∗,
1

ε
w3)

the interior equations (1.13) for w become

B(ε ; t, s ; ∂t, ∂s, ∂3)ϕ = 0.
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In order to give the expression of B(ε) , we introduce the notation

ρ = R(s) − r = R(s) − εt

which is the curvature radius in s of the curve {x∗ ∈ ω, dist(x∗, ∂ω) = r} . The
three components (Bϕ)t , (Bϕ)s and (Bϕ)3 of Bϕ are given by

(Bϕ)t = µ
(
∂ttϕt + ∂33ϕt

)
+ (λ+ µ) ∂t

(
∂tϕt + ∂3ϕ3

)

+ ε

(
−µ (1

ρ
∂tϕt) + (λ+ µ) ∂t

(
−1

ρ
ϕt + R

ρ
∂s(

R
ρ
ϕs)

))

+ ε2 µ

(
− 1

ρ2ϕt + (R
ρ
∂s)

2ϕt + R
ρ
∂s(

R
ρ2ϕs) + R

ρ2∂s(
R
ρ
ϕs)

)

(3.6a)

(Bϕ)s = µ
(
∂tt(

R
ρ
ϕs) + ∂33(

R
ρ
ϕs)

)

+ ε

(
−µ

(
1
ρ
∂t(

R
ρ
ϕs)

)
+ (λ+ µ) R

ρ
∂s

(
∂tϕt + ∂3ϕ3

))

+ ε2

(
µ
(
− R

ρ3ϕs + (R
ρ
∂s)

2(R
ρ
ϕs) −

R
ρ
∂s(

1
ρ
ϕt) −

R
ρ2∂sϕt

)

+(λ+ µ) R
ρ
∂s

(
−1

ρ
ϕt + R

ρ
∂s(

R
ρ
ϕs)

))

(3.6b)

(Bϕ)3 = µ
(
∂ttϕ3 + ∂33ϕ3

)
+ (λ+ µ) ∂3

(
∂tϕt + ∂3ϕ3

)

+ ε

(
−µ (1

ρ
∂tϕ3) + (λ+ µ) ∂3

(
−1

ρ
ϕt + R

ρ
∂s(

R
ρ
ϕs)

))

+ ε2 µ

(
(R

ρ
∂s)

2ϕ3

)
(3.6c)

A Taylor expansion at t = 0 of ρ−1 = (R−εt)−1 yields an asymptotic expansion
of B in a power series of ε :

B ∼ B
(0) + εB(1) + · · · εk

B
(k) + · · · (3.7)

where the B(k)(t, s ; ∂t, ∂s, ∂3) are partial differential systems of order 2 with poly-
nomial coefficients in t independent from ε . As they are of constant use, we give
here the expressions for B(0) and B(1) :

(B(0)ϕ)t = µ
(
∂ttϕt + ∂33ϕt

)
+ (λ+ µ) ∂t

(
∂tϕt + ∂3ϕ3

)

(B(0)ϕ)s = µ
(
∂ttϕs + ∂33ϕs

)

(B(0)ϕ)3 = µ
(
∂ttϕ3 + ∂33ϕ3

)
+ (λ+ µ) ∂3

(
∂tϕt + ∂3ϕ3

)
(3.8)
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and, with the curvature κ = 1
R

:

(B(1)ϕ)t = −µ κ ∂tϕt + (λ+ µ) ∂t

(
−κϕt + ∂sϕs

)

(B(1)ϕ)s = µ κ
(
∂tt(tϕs) + ∂33(tϕs)

)
− µ κ ∂tϕs + (λ+ µ) ∂s

(
∂tϕt + ∂3ϕ3

)

(B(1)ϕ)3 = −µ κ ∂tϕ3 + (λ+ µ) ∂3

(
−κϕt + ∂sϕs

)
.

(3.9)

Thus, the interior equation B(ε)ϕ = 0 can be written as

B
(0)ϕ+ εB(1)ϕ+ · · · εk

B
(k)ϕ+ · · · ∼ 0. (3.10)

(iii) Horizontal boundary conditions. The boundary conditions on the hori-
zontal sides x3 = −+1 are, cf (1.5)

µ(∂3ϕt + ∂tϕ3) = 0, (3.11a)

µ∂3ϕs + ε µ ∂sϕ3 = 0, (3.11b)

(λ+ 2µ)∂3ϕ3 + λ ∂tϕt + ε λ
(
−1

ρ
ϕt + R

ρ
∂s(

R
ρ
ϕs)

)
= 0. (3.11c)

Similarly to the interior equations, we can develop the horizontal boundary conditions
G (3.11) in powers of ε :

G ∼ G
(0) + εG (1) + · · · εk

G
(k) + · · · (3.12)

where the G (k)(t, s ; ∂t, ∂s, ∂3) are partial differential systems of order 1 with poly-
nomial coefficients in t . The expressions for G

(0) and G
(1) are:

(G (0)ϕ)t = µ(∂3ϕt + ∂tϕ3), (G (1)ϕ)t = 0,

(G (0)ϕ)s = µ∂3ϕs, (G (1)ϕ)s = µ∂sϕ3,

(G (0)ϕ)3 = (λ+ 2µ)∂3ϕ3 + λ ∂tϕt, (G (1)ϕ)3 = λ(−κϕt + ∂sϕs).

(3.13)

Thus, the horizontal boundary conditions G (ε)ϕ = 0 can be written as

G
(0)ϕ+ εG (1)ϕ+ · · · εk

G
(k)ϕ+ · · · ∼ 0. (3.14)

3.3 The recursive equations

Assuming that
∑

k ε
kuk already fulfills the relations in Table 6, we determine now

the equations satisfied by the profiles ϕk and the remaining conditions satisfied by
the displacements uk so that

∑

k ≥ 0

εkuk +
∑

k≥ 1

εk(ϕk
∗, εϕ

k
3) (3.15)

satisfies equations (1.13)-(1.15).
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(i) Interior equations. (3.10) yields that

∀k ≥ 0,
k∑

ℓ=0

B
(ℓ)ϕk−ℓ = 0, (3.16)

which guarantees (1.13) for the whole expansion (3.15).

(ii) Horizontal boundary conditions. (3.14) yields that

∀k ≥ 0,
k∑

ℓ=0

G
(ℓ)ϕk−ℓ = 0, (3.17)

which guarantees (1.14) for the whole expansion (3.15).

(iii) Lateral Dirichlet boundary conditions. Let
∑

k ε
kDk

n ,
∑

k ε
kDk

s and∑
k ε

kDk
3 be the normal, tangential and vertical components of the lateral Dirichlet

traces of the series (3.15). The lateral Dirichlet boundary conditions then read

∀k ≥ 0, Dk
n = 0 if n ∈ A, Dk

s = 0 if s ∈ A, Dk
3 = 0 if 3 ∈ A, (3.18)

which immediately yields the Dirichlet conditions for the whole expansion (3.15).

For the terms Dk , we have

D0
n = u0

n, D0
s = u0

s, D0
3 = u0

3, D1
3 = u1

3, (3.19)

and for k ≥ 1

Dk
n = ϕk

t + uk
n, (3.20a)

Dk
s = ϕk

s + uk
s , (3.20b)

Dk+1
3 = ϕk

3 + uk+1
3 . (3.20c)

(iv) Lateral Neumann boundary conditions. Let
∑

k ε
kT k

n ,
∑

k ε
kT k

s and∑
k ε

kT k
3 be the normal, tangential and vertical components of the lateral Neumann

traces of the series (3.15). The lateral Neumann boundary conditions then read

∀k ≥ 0, T k
n = 0 if n ∈ B, T k

s = 0 if s ∈ B, T k
3 = 0 if 3 ∈ B, (3.21)

which immediately yields the Neumann conditions for the whole expansion (3.15).

Let us evaluate the terms T k . To that aim, we rely on the following formulas for
uk , cf Table 6, either uk = uk

KL + vk , i.e.

uk
n = ζk

n − x3 ∂nζ
k
3 + vk

n, (3.22a)

uk
s = ζk

s − x3 ∂sζ
k
3 + vk

s , (3.22b)

uk
3 = ζk

3 + vk
3 , (3.22c)

or uk = uk
KL + V ζk−2 + xk−2 , i.e.

uk
n = ζk

n − x3 ∂nζ
k
3 + p̄2 ∂n div∗ ζ

k−2
∗ + p̄3 ∂n∆∗ζ

k−2
3 + xk−2

n , (3.23a)

uk
s = ζk

s − x3 ∂sζ
k
3 + p̄2 ∂s div∗ ζ

k−2
∗ + p̄3 ∂s∆∗ζ

k−2
3 + xk−2

s , (3.23b)

uk
3 = ζk

3 + p̄1 div∗ ζ
k−2
∗ + p̄2 ∆∗ζ

k−2
3 + xk−2

3 , (3.23c)
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where p̄1 , p̄2 , p̄3 are introduced in (2.7).

Thus, we find

T 0
n = 0, T 1

n = 0, T 0
s = 0, T 1

s = 0, T 0
3 = 0, (3.24)

and for k ≥ 1 , cf (3.1), (3.2), (3.4):

T k+1
n = T

(0)
t (ϕk) + T

(1)
t (ϕk−1) + Tm

n (ζk−1
∗ ) − x3Mn(ζk−1

3 )

+ λ ∂3 x
k−1
3 + λ div∗ v

k−1
∗ + 2µ ∂nv

k−1
n

(3.25a)

T k+1
s = T (0)

s (ϕk) + T (1)
s (ϕk−1) + Tm

s (ζk−1
∗ ) − 2µx3 (∂n + 1

R
)∂sζ

k−1
3

+ µ
(
∂sv

k−1
n + ∂nv

k−1
s + 2

R
vk−1

s

) (3.25b)

T k
3 = T

(0)
3 (ϕk) + µ(p̄2 + p̄ ′

3) ∂n∆∗ζ
k−2
3

+ µ(∂nx
k−2
3 + ∂3x

k−2
n ).

(3.25c)

3.4 Solving the inner expansion

According to the calculations of the previous subsection, to solve the problem with
the Ansatz (3.15), it remains to find a sequence of profiles (ϕk)

k
and a sequence of

Kirchhoff-Love generators (ζk)
k

such that (3.16), (3.17), (3.18) and (3.21) hold.

Let us consider now the profiles ϕk for k ≥ 1 as main unknowns. In view of
(3.16), (3.17) and (3.20) and (3.25), we see that the sequence of problems satisfied
by the ϕk can be written in a recursive way: for each k ≥ 1 the profile ϕk has to
solve the equation

B©i (ϕ
k) = (fk; gk; hk), (3.26)

where

• B©i is the operator B(0) inside the domain, the traction operator G (0) on
the horizontal sides, the Dirichlet traces on the lateral side for a ∈ A©i and
the Neumann traces on the lateral side for b ∈ B©i ,

• fk and gk are the following functions of the previous profiles

fk = −
k∑

ℓ=1

B
(ℓ)ϕk−ℓ and gk = −

k∑

ℓ=1

G
(ℓ)ϕk−ℓ, (3.27)

so that (3.16)-(3.17) is solved, and hk involves previous profiles as well and
certain traces of the Kirchhoff-Love generators ζℓ according to (3.18)-(3.25).

An important point is now to note that neither B(0) , nor G (0) , nor the lateral
trace operators of B©i contain any derivative with respect to the tangential variable
s . Thus, the equations (3.26) can be solved in the variables t ∈ R

+ and x3 ∈ (−1, 1) ,
the role of s being only that of a parameter. So we introduce the half-strip

Σ+ =
{
(t, x3); 0 < t, −1 < x3 < 1

}
. (3.28)
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Its boundary has two horizontal parts γ
−

+ = R
+ × {x3 = −+1} and a lateral part

γ0 =
{
(t, x3); t = 0, −1 < x3 < 1

}
. (3.29)

Thus, we have

B©i (ϕ) = (f; g; h) ⇐⇒





B(0)(ϕ) = f, in Σ+,
G (0)(ϕ) = g, on γ

−

+,
ϕa = ha, on γ0, ∀a ∈ A©i ,

T
(0)
b (ϕ) = hb, on γ0, ∀b ∈ B©i .

(3.30)

Essential is the possibility of finding exponentially decreasing solutions when f and
g have the same property. This is what we start to investigate in the next section.

4 EXPONENTIALLY DECAYING PROFILES IN A HALF-STRIP

4.1 General principles

The properties of the operators B©i are closely linked to those of the corresponding
operator B on the full strip Σ := R × (−1, 1) , defined as B(ϕ) = (f; g) with
f = B(0)(ϕ) in Σ and g = G (0)(ϕ) on R × {x3 = −+1} , see also Nazarov &
Plamenevskii [17, Ch.5].

Let P be the space of polynomial displacements Z satisfying B(Z) = 0 . Com-
putations like those of Mielke in [15] yield that P has eight dimensions and that a
basis of P is given by the following polynomial displacements Z [1], · · · ,Z [8]

Z [1] =




1
0
0


 Z [2] =




0
1
0


 Z [3] =




0
0
1


 Z [4] =



−x3

0
t




Z [5] =



t
0
p̄1


 Z [6] =




0
t
0


 Z [7] =




−2tx3

0
t2 + 2p̄2




Z [8] =



−3t2x3 + 6p̄3

0
t3 + 6tp̄2




where p̄1(x3) , p̄2(x3) , p̄3(x3) are the polynomials previously introduced in (2.7).

Let us introduce weighted spaces Hm
η on the half-strip Σ+ : for η > 0 , their

elements are exponentially decreasing as t→ ∞ :

Definition 4.1 Let η ∈ R . For m ≥ 0 let Hm
η (Σ+) be the space of functions v

such that eηtv belongs to Hm(Σ+) . We also denote H0
η (Σ+) by L2

η(Σ
+) . Similar

definitions hold for R
+ .
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Like in [7, Lemmas 4.10 & 4.11], we have, with η0 the smallest exponent arising
from the Papkovich-Fadle eigenfunctions, compare Papkovich [19] for early reference
and Gregory & Wan [11]:

Lemma 4.2 Let η , 0 < η < η0 . Let f belong to L2
η(Σ

+)3 and g belong to

L2
η(R

+)6 , let ha belong to H1/2(γ0) for each a ∈ A©i and hb belong to H−1/2(γ0)
for each b ∈ B©i . Then there exist ϕ ∈ H1

η (Σ+)3 and Z ∈ P so that

B©i (ϕ+Z) = (f; g; h).

But the solution given by Lemma 4.2 is not unique. Let T©i denote the space
of the polynomial displacements Z such that there exists ϕ = ϕ(Z) ∈ H1

η (Σ+)3

satisfying
B©i (Z +ϕ(Z)) = 0.

Like in [7, Proposition 4.12], we can prove that

dim T©i = 4.

Thus P can be split in the direct sum of two four-dimensional spaces Z©i and T©i ,
and we have as corollary:

Lemma 4.3 Let f , g and h be as in Lemma 4.2. Then there exist ϕ unique in
H1

η (Σ+)3 and Z unique in the four-dimensional space Z©i so that

B©i (ϕ+Z) = (f; g; h).

At this stage, the conclusion is that we have a defect number equal to four for the
solution of the sequence of the above equations (3.26) by exponentially decreasing
displacements ϕk , for each s ∈ ∂ω . But four traces on ∂ω are still available,
allowing to modify hk .

Indeed, according to the principle of ‘matching asymptotics’, the behavior at
infinity of the profiles is transformed into a function of the primitive variable x
(which is a Kirchhoff-Love displacement). But this is only philosophy. We prove in
the following sections that for each situation ©i , the expansion (2.1)-(2.2) is valid in
the sense of asymptotic developments.

4.2 The operators acting on profiles

We can immediately see that the operators B©i act separately on the couple of
components (ϕt, ϕ3) that we denote ϕ♮ , and on ϕs . On ϕ♮ acts an elasticity
operator with the Lamé constants λ and µ , and on ϕs a Laplace operator.

The interior elasticity operator in Σ+ is

ϕ♮ 7−→ f♮ = µ(∂tt + ∂33)
(
ϕt

ϕ3

)
+ (λ+ µ)

(
∂t

∂3

)
(∂tϕt + ∂3ϕ3), (4.1)
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its horizontal boundary conditions G (0) (3.13) on γ
−

+ are

ϕ♮ 7−→ g♮ =
(

µ(∂3ϕt + ∂tϕ3)
(λ+ 2µ)∂3ϕ3 + λ ∂tϕt

)
(4.2)

and the lateral boundary conditions are either Dirichlet’s or Neumann’s acting on
the traction T

(0)
♮ = (T

(0)
t , T

(0)
3 ) , cf (3.28).

Let us introduce now the two elasticity operators used in Part I (we will use in
Part II similar operators EMix2 and EFree )

• EDir : ϕ♮ 7→ (f♮; g♮; h♮) with f♮ defined in (4.1), g♮ defined in (4.2) and h♮

the trace of ϕ♮ on γ0 ,

• EMix1 : ϕ♮ 7→ (f♮; g♮; h♮) with f♮ defined in (4.1), g♮ defined in (4.2) and h♮

the trace on γ0

h♮ =
(
T

(0)
t (ϕ♮), ϕ3

)∣∣∣
γ0

,

whereas the Laplace operators are defined as:

• LDir : ϕs 7→ (fs; gs; hs) with fs = µ∆ϕs , gs = µ∂3ϕs and hs = ϕs on γ0 ,

• LNeu : ϕs 7→ (fs; gs; hs) with fs = µ∆ϕs , gs = µ∂3ϕs and hs = µ∂tϕs on γ0.

Then we have the splittings:

B©1 = EDir ⊕ LDir, B©2 = EDir ⊕ LNeu,

B©3 = EMix1 ⊕ LDir, B©4 = EMix1 ⊕ LNeu.
(4.3)

4.3 The Laplacian on the half-strip

The Neumann problem on the full strip Σ has a polynomial kernel of dimension two
generated by 1 and t , corresponding to the elements Z [2] and Z [6] of the space P
introduced at the beginning of the section.

(i) Operator LDir . The polynomial kernel of this problem is the function t and
there holds:

Proposition 4.4 For η > 0 , let f ∈ L2
η(Σ

+) , g−

+ ∈ L2
η(R

+)2 and h ∈ H1/2(γ0) . If
moreover η < π/2 , then the problem

LDir(ψ) = (f ; g−

+

; h)

has a unique solution ψ = ϕ+ δ in H1
η (Σ+) ⊕ span{1} with ϕ ∈ H1

η (Σ+) and

δ =
1

2µ

(
−

∫

Σ+

t f(t, x3) dt dx3 +

∫

R+

t
(
g+(t) − g−(t)

)
dt+ µ

∫ +1

−1

h(x3) dx3

)
.

(4.4)

The proof of formula (4.4) relies on integration by parts of t∆(ϕ+δ) on rectangles
ΣL = (0, L) × (−1, 1) with L→ +∞ .
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(ii) Operator LNeu . The polynomial kernel of this problem is the function 1 and
there holds similarly:

Proposition 4.5 For η > 0 , let f ∈ L2
η(Σ

+) , g−

+
∈ L2

η(R
+)2 and h ∈ H−1/2(γ0) .

If moreover η < π/2 , then the problem

LNeu(ψ) = (f ; g−

+

; h)

has a unique solution ψ = ϕ+ δ t in H1
η (Σ+) ⊕ span{t} with ϕ ∈ H1

η (Σ+) and

δ =
1

2µ

(∫

Σ+

f(t, x3) dt dx3 −

∫

R+

(
g+(t) − g−(t)

)
dt+

∫ +1

−1

h(x3) dx3

)
. (4.5)

4.4 Elasticity on the half-strip

The problem (4.1)-(4.2) on the full strip has a polynomial kernel of dimension six

generated by Z
[1]
♮ ,Z

[3]
♮ ,Z

[4]
♮ ,Z

[5]
♮ ,Z

[7]
♮ ,Z

[8]
♮ , where the two components of Z

[j]
♮ are

the first and third ones of Z [j] . In particular

Z
[1]
♮ =

(
1
0

)
Z

[3]
♮ =

(
0
1

)
Z

[4]
♮ =

(
−x3

t

)

are the 2D rigid motions.

(i) Operator EDir . From [7, Proposition 4.12], we obtain that

Proposition 4.6 For η > 0 , let f♮ ∈ L2
η(Σ

+)2 , g−

+

♮ ∈ L2
η(R

+)4 and h♮ ∈ H1/2(γ0)
2 .

If moreover η < η0 , then the problem

EDir(ψ) = (f♮; g
−

+

♮ ; h♮)

has a unique solution in H1
η (Σ+)2 ⊕ span{Z

[1]
♮ ,Z

[3]
♮ ,Z

[4]
♮ } .

(ii) Other operators. Concerning the other operators EMix1 , EMix2 and EFree ,
and in contrast to the case of EDir , they have a polynomial kernel generated by some
of the Z

[j]
♮ . Relying on the following duality relations (4.7) satisfied by the Z [j] ,

formulas for the coefficients in the asymptotics at infinity of the solutions can be
obtained from integrations by parts. We state the corresponding result for EMix1 ,
leaving the others for Part II.

Lemma 4.7 Let T (0) denote the lateral inward traction operator (T
(0)
t , T (0)

s , T
(0)
3 ) ,

see (3.4). With σ the permutation

σ(1) = 5, σ(2) = 6, σ(3) = 8, σ(4) = 7,

σ(5) = 1, σ(6) = 2, σ(7) = 4, σ(8) = 3,

the anti-symmetrized flux (see also (5.17)), which can be defined for any L ∈ R by

Φ(Z [i],Z [j]) :=

∫ +1

−1

(
T (0)(Z [i]) ·Z [j] − T (0)(Z [j]) ·Z [i]

)
(L, x3) dx3 (4.6)
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is independent of L , compare [7, Lemma 3.1], and satisfies, for i, j ∈ {1, · · · , 8}

Φ(Z [i],Z [j]) = γ̄i δjσ(i), (4.7)

with γ̄i a non zero real number.

For i = 2, 6 we find again the simple relations on which rely Propositions 4.4
and 4.5. For the remaining values of i , the relations (4.7) apply to the bi-dimensional

displacements Z
[i]
♮ .

Proposition 4.8 For η > 0 , let f♮ ∈ L2
η(Σ

+)2 , g−

+

♮ ∈ L2
η(R

+)4 , ht ∈ H−1/2(γ0)

and h3 ∈ H1/2(γ0) . If moreover η < η0 , then the problem

EMix1(ψ) = (f♮; g
−

+

♮ ; h♮)

has a unique solution in H1
η (Σ+)2 ⊕ span{Z

[3]
♮ ,Z

[5]
♮ ,Z

[7]
♮ } . Moreover

ψ = ϕ+ δ3Z
[3]
♮ + δ5Z

[5]
♮ + δ7Z

[7]
♮ with ϕ ∈ H1

η (Σ+)2

and for j = 1, 4, 8

δσ(j) =
1

γ̄σ(j)

(∫

Σ+

f♮ ·Z
[j]
♮ dt dx3 −

∫

R+

(
g+ ·Z

[j]
♮

∣∣∣
γ+

− g− ·Z
[j]
♮

∣∣∣
γ−

)
dt

+

∫ +1

−1

htZ
[j]
t − h3 T

(0)
3 (Z

[j]
♮ ) dx3

)
,

namely

γ̄5δ5 =

∫

Σ+

ft −

∫

R+

(g+
t − g−t ) +

∫ +1

−1

ht , (4.8a)

γ̄7δ7 =

∫

Σ+

(−x3ft + tf3) +

∫

R+

(
g+

t + g−t − t(g+
3 − g−3 )

)
−

∫ +1

−1

x3ht , (4.8b)

γ̄3δ3 =

∫

Σ+

f♮ ·Z
[8]
♮ −

∫

R+

(
g+ ·Z

[8]
♮

∣∣∣
γ+

−g− ·Z
[8]
♮

∣∣∣
γ−

)
+6

∫ +1

−1

p̄3 ht−µ(p̄2+p̄
′
3)h3 . (4.8c)

5 HARD CLAMPED

The main results concerning the case ©1 are summarized in the following

Theorem 5.1 The expansion (2.1)-(2.2) holds for the solution u(ε) of the scaled
variant of problem (1.1) with lateral condition ©1 . This expansion is uniquely de-
termined (a change of the cut-off χ would only have an exponentially decreasing
influence in ε ). In particular the Kirchhoff-Love generators ζ0 and ζ1 satisfy the
following Dirichlet boundary conditions on ∂ω

ζ0
n = 0, ζ0

s = 0, ζ0
3 = 0, ∂nζ

0
3 = 0,

ζ1
n = c

©1
1 div∗ ζ

0
∗ , ζ1

s = 0, ζ1
3 = 0, ∂nζ

1
3 = c

©1
4 ∆∗ζ

0
3 ,

(5.1)
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where c
©1
1 = c

©1
1 (λ, µ) and c

©1
4 = c

©1
4 (λ, µ) are universal coefficients with

∀λ, µ > 0 c
©1
4 (λ, µ) 6= 0. (5.2)

The first boundary layer profile ϕ1 satisfies ϕ1
s = 0 and

(ϕ1
t , ϕ

1
3) =: ϕ1

♮ = div∗ ζ
0
∗(s) ϕ̄

m
♮ + ∆∗ζ

0
3 (s) ϕ̄b

♮ , (5.3)

where ϕ̄m
♮ = ϕ̄m

Dir,♮ and ϕ̄b
♮ = ϕ̄b

Dir,♮ are typical profiles depending only on (t, x3) .

In [6, 7] we already proved the validity of the expansion (2.1)-(2.2) in the sense of
asymptotic developments, i.e. that optimal estimates hold for the remainders at any
order and in any norm Hs(Ω) with s ≤ 1 — and also for the uniform norm L∞(Ω) .

The homogeneous Dirichlet boundary conditions satisfied by ζ0 are also well
known, cf [4, 8] for early reference. With our presentation, this is a trivial consequence
of condition (3.18) for k = 0 .

The mere existence of u1
KL is less known. We are going to prove the above

formulas for the Dirichlet traces of ζ1 and exhibit the constants c
©1
1 and c

©1
4 , see

(5.10) and (5.12), then we prove that c
©1
4 is non-zero.

5.1 The Dirichlet traces of u1
KL

At this stage, u0
KL is completely known, since ζ0

∗ is the solution of the membrane
equation Lm(ζ0

∗) = R0
m with null Dirichlet conditions and ζ0

3 is the solution of the
bending equation Lb(ζ0

3 ) = R0
b with null Dirichlet conditions.

Condition (3.18) for k = 1 yields that ζ1
3 = 0 , ϕ1

n + ζ1
n − x3∂nζ

1
3 = 0 and

ϕ1
s + ζ1

s −x3∂sζ
1
3 = 0 on Γ0 . Moreover condition (3.18) for k = 2 with (3.20c) yields

that ϕ1
3 + ζ2

3 + v2
3 = 0 on Γ0 .

Thus, the first profile ϕ1(s) : (t, x3) 7→ ϕ1(t, s, x3) has to solve for all s ∈ ∂ω —
cf equation (3.26)

B©1 (ϕ1(s)) = (0; 0; h1(s)) (5.4)

with the trace h1(s) equal to, for s ∈ ∂ω :

h1
n(s) = −(ζ1

n − x3∂nζ
1
3)(s) (5.5a)

h1
s(s) = −(ζ1

s − x3∂sζ
1
3 )(s) (5.5b)

h1
3(s) = −(ζ2

3 + v2
3)(s). (5.5c)

Note that the unknowns are the profile ϕ1 and the traces of ζ1
n , ζ1

s , ∂nζ
1
3 and

ζ2
3 .

Since B©1 splits into the direct sum EDir ⊕ LDir , see (4.3), for each s ∈ ∂ω (fixed
now, thus omitted),
• ϕ1

s is solution of the Poisson problem

LDir(ϕ
1
s) = (0; 0; h1

s), (5.6)
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• the couple ϕ1
♮ is solution of the elasticity system

EDir(ϕ
1
♮ ) = (0; 0; h1

♮ ). (5.7)

We have to find the conditions on ζ1 so that equations (5.6) and (5.7) admit
exponentially decreasing solutions.

Concerning the Poisson problem, Proposition 4.4 yields that (5.6) admits an ex-

ponentially decreasing solution if the coefficient (4.4) is zero, i.e. if
∫ +1

−1
h1

s = 0 . With

(5.5b), this yields that ζ1
s = 0 on ∂ω . Since we already found that ζ1

3 = 0 on ∂ω ,
we obtain that h1

s ≡ 0 , thus ϕ1
s = 0 .

Concerning the Lamé problem, Proposition 4.6 yields a solution for (5.7) in

H1
η (Σ+)2 ⊕ span{Z

[1]
♮ ,Z

[3]
♮ ,Z

[4]
♮ } (a space of exponentially decaying solutions plus

a space of rigid motions). We first recall that, — cf (2.6)-(2.7)

v2
3(x∗, x3) = p̄1(x3) div∗ ζ

0
∗(x∗) + p̄2(x3) ∆∗ζ

0
3 (x∗), (5.8)

where p̄1 is an odd polynomial, and p̄2 an even polynomial.

Let ψ̄m
♮ be the solution in H1

η (Σ+)2 ⊕ span{Z
[1]
♮ ,Z

[3]
♮ ,Z

[4]
♮ } of

EDir(ψ̄
m
♮ ) = (0; 0; 0,−p̄1). (5.9)

Since the right hand side of (5.9) has the parities of a membrane mode (the first
component is even and the second odd with respect to x3 ), the symmetries of the
isotropic elasticity system yield that ψ̄m

t is even and ψ̄m
3 odd. Thus the asymptotic

behavior as t → ∞ has the same parities: only Z
[1]
♮ is convenient. Hence there

exists a unique coefficient c
©1
1 such that ψ̄m

♮ splits into

ψ̄m
♮ = ϕ̄m

♮ + c
©1
1 Z

[1]
♮ with ϕ̄m

♮ exponentially decreasing. (5.10)

Similarly, let ψ̄b
♮ be the solution in H1

η (Σ+)2 ⊕ span{Z
[1]
♮ ,Z

[3]
♮ ,Z

[4]
♮ } of

EDir(ψ̄
b
♮ ) = (0; 0; 0,−p̄2). (5.11)

Since the right hand side of (5.11) has the parities of a bending mode, the symmetries
of the problem yield that ψ̄b

t is odd and ψ̄b
3 even with respect to x3 . Thus only

Z
[3]
♮ and Z

[4]
♮ are present in the asymptotics at infinity of ψ̄b

♮ . Hence there exist

unique coefficients c
©1
3 and c

©1
4 such that ψ̄b

♮ splits into

ψ̄b
♮ = ϕ̄b

♮ + c
©1
3 Z

[3]
♮ + c

©1
4 Z

[4]
♮ with ϕ̄b

♮ exponentially decreasing. (5.12)

Then ψ1
♮ defined as

ψ1
♮ (t, s, x3) = div∗ ζ

0
∗(s) ψ̄

m
♮ (t, x3) + ∆∗ζ

0
3 (s) ψ̄b

♮ (t, x3)
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is solution for each s ∈ ∂ω of — cf (5.8), (5.9) and (5.11):

EDir(ψ
1
♮ ) = (0; 0; 0,−v2

3). (5.13)

Thus, if we have for each s ∈ ∂ω , cf (5.10) and (5.12)

(
ζ1
n(s) − x3∂nζ

1
3(s)

ζ2
3 (s)

)
= div∗ ζ

0
∗(s) c

©1
1 Z

[1]
♮

∣∣∣
γ0

+ ∆∗ζ
0
3 (s) (c

©1
3 Z

[3]
♮ + c

©1
4 Z

[4]
♮ )

∣∣∣
γ0

i.e. (
ζ1
n(s) − x3∂nζ

1
3 (s)

ζ2
3(s)

)
=

(
div∗ ζ

0
∗(s) c

©1
1 − x3∆∗ζ

0
3 (s) c

©1
4

∆∗ζ
0
3(s) c

©1
3

)
(5.14)

then ϕ1
♮ defined as

ϕ1
♮ (t, s, x3) = div∗ ζ

0
∗(s) ϕ̄

m
♮ (t, x3) + ∆∗ζ

0
3 (s) ϕ̄b

♮ (t, x3) (5.15)

is solution of EDir(ϕ
1
♮ (s)) = (0; 0; h1

♮ (s)) , see (5.4), (5.5). We see that the first line
of (5.14) is nothing else than (5.1).

5.2 The non-zero coefficient c
©1
4

Let us prove now that the coefficient c
©1
4 is not zero. Let us denote by Z♮ the

polynomial displacement

Z♮ =




−tx3

t2

2
+ p̄2



 .

Indeed, Z♮ is issued from Z [7] and satisfies:

EDir(Z♮) = (0; 0; 0, p̄2). (5.16)

So, (5.16) joined with (5.11)-(5.12) yields that

K := Z♮ + ϕ̄b
♮ + c

©1
3 Z

[3]
♮ + c

©1
4 Z

[4]
♮ ∈ kerEDir.

The proof proceeds by computation about the ‘flux’, see also (4.6)

Φt=t0(u | v) :=

∫ +1

−1

T (0)(u)(t0, x3) · v(t0, x3) dx3 (5.17)

with T (0) denoting the lateral inward traction operator (T
(0)
t , T (0)

s , T
(0)
3 ) , cf (3.4).

We have:

T (0)(Z♮) =



−4

µ(λ+ µ)

λ+ 2µ
x3

0


 .

Thus

Φt=0(Z♮ | c
©1
3 Z

[3]
♮ + c

©1
4 Z

[4]
♮ ) =

8

3

µ(λ+ µ)

λ+ 2µ
c
©1
4 . (5.18)
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We are going to prove that

Φt=0(Z♮ | c
©1
3 Z

[3]
♮ + c

©1
4 Z

[4]
♮ ) = Φt=0(K | c

©1
3 Z

[3]
♮ + c

©1
4 Z

[4]
♮ + ϕ̄b

♮ ) (5.19)

and that
Φt=0(K | c

©1
3 Z

[3]
♮ + c

©1
4 Z

[4]
♮ + ϕ̄b

♮ ) > 0. (5.20)

The fact that c
©1
4 > 0 is clearly a consequence of (5.18)-(5.20).

In order to prove (5.19) and (5.20), we abbreviate the notations by

c
©1
3 Z

[3]
♮ + c

©1
4 Z

[4]
♮ := R and ϕ := ϕ̄b

♮ .

Proof of (5.19). We want to prove that

Φt=0(Z♮ |R) = Φt=0(K |R+ϕ).

Indeed, integrating by parts on the rectangle ΣL = (0, L) × (−1, 1) we obtain
∫

∂ΣL

T (0)(K) · (R+ϕ) −K · T (0)(R+ϕ) =

∫

ΣL

E(K) · (R+ϕ) −K · E(R+ϕ) .

As EK = EZ♮ = 0 , the above right hand side is zero. Therefore

Φt=0(K |R+ϕ) = Φt=L(K |R+ϕ) +

∫ +1

−1

K(L, x3) · T
(0)(R+ϕ)(L, x3) dx3.

Since T (0)(R) = 0 (R is a rigid displacement) and since ϕ is exponentially de-
creasing, we deduce from the identity above that, for all 0 < η < η0

Φt=0(K |R+ϕ) = Φt=L(Z♮ |R) + O(e−ηL).

But for all L , we have the conservation of the flux against rigid displacements

Φt=L(Z♮ |R) = Φt=0(Z♮ |R),

whence the result.

Proof of (5.20). We want to prove that

Φt=0(K |R+ϕ) > 0.

To see it, notice that, since Z♮

∣∣∣
t=0

= −(R + ϕ)
∣∣∣
t=0

and since we easily check the

equality Φt=0(Z♮ |Z♮) = 0 , we have

Φt=0(K |R+ϕ) = Φt=0(Z♮ |R+ϕ) + Φt=0(R+ϕ |R+ϕ)

= −Φt=0(Z♮ |Z♮) + Φt=0(ϕ |R+ϕ)

= Φt=L(ϕ |R+ϕ) +

∫

ΣL

Ae(∂t, ∂3)(ϕ) : e(∂t, ∂3)(R +ϕ)

=

∫

ΣL

Ae(∂t, ∂3)(ϕ) : e(∂t, ∂3)(ϕ) + O(e−ηL).

Since Z♮ +R is clearly not zero on {t = 0} , then ϕ 6≡ 0 . The result follows from
the positivity of the elasticity matrix A .
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6 SOFT CLAMPED

We have now to take care of the space R©2 , cf (1.2)-(1.3): let us recall that R©2 is
the space of rigid motions v satisfying the soft clamped plate conditions, i.e. vn and
v3 = 0 on the lateral boundary Γ0 . If the mean surface ω is not a disk or an annulus,
R©2 is reduced to {0} . If ω is a disk or an annulus, that we may suppose centered
in 0 , R©2 is one-dimensional, generated by the in-plane rotation (x2,−x1, 0) and
the orthogonality condition (1.3) ensuring uniqueness can be transcribed in Ω into∫
Ω
u∗(ε) × x∗ = 0 , with x∗ the vector (x1, x2) .

Theorem 6.1 The expansion (2.1)-(2.2) holds for the solution u(ε) of the scaled
variant of problem (1.1) with lateral condition ©2 , compatibility condition (1.2) and
orthogonality condition (1.3). The Kirchhoff-Love generators ζk

∗ and ζk
3 are solu-

tions of membrane and bending problems with interior data Rk
m and Rk

b , cf Table 6,
and boundary conditions prescribing ζk

n , Tm
s (ζk

∗ ) , and ζk
3 , ∂nζ

k
3 respectively. The

Kirchhoff-Love generators ζ0 and ζ1 satisfy the following boundary conditions on
∂ω

ζ0
n = 0, Tm

s (ζ0
∗) = 0, ζ0

3 = 0, ∂nζ
0
3 = 0,

ζ1
n = c

©2
1 div∗ ζ

0
∗ , Tm

s (ζ1
∗) = c

©2
2 ∂s div∗ ζ

0
∗ , ζ1

3 = 0, ∂nζ
1
3 = c

©2
4 ∆∗ζ

0
3 ,

(6.1)

where c
©2
1 and c

©2
4 are respectively equal to the coefficients c

©1
1 and c

©1
4 introduced

in Theorem 5.1 and c
©2
2 is another universal coefficient. The first boundary layer

profile satisfies ϕ1
s = 0 and ϕ1

♮ is given by formula (5.3) like in the hard clamped
plate situation.

If ω is a disk or an annulus with center 0 the compatibility condition

∫

ω

Rk
m × x∗ +

∫

∂ω

|x∗| T
m
s (ζk

∗ ) = 0

holds for each k as well as the orthogonality condition
∫

ω
ζk
∗ × x∗ = 0 .

The behavior of the boundary layer terms is very similar to the hard clamped
case because the boundary conditions involving the components ϕ♮ are Dirichlet’s
as in ©1 , the only change concerns the lateral component ϕs , which is uncoupled
from the previous ones, and subject now to lateral Neumann conditions instead of
Dirichlet’s.

6.1 The traces of u0
KL

Solving recursively equations (3.16)-(3.17), (3.18) and (3.21), we find first the Dirich-
let traces at the order zero: D0

n and D0
3 = 0 , i.e. u0

KL,n and u0
KL,3 are zero on

Γ0 , whence ζ0
n − x3∂nζ

0
3 and ζ0

3 are zero on ∂ω . Thus, the Dirichlet conditions
concerning ζ0 are obtained.
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As already remarked in (3.24), the first terms T 0
s and T 1

s are always zero. Next,
condition T 2

s = 0 yields, cf (3.25b)

T (0)
s (ϕ1) = −Tm

s (ζ0
∗) + 2µx3 (∂n + 1

R
)∂sζ

0
3 .

Taking account of the already known Dirichlet conditions for ζ0
3 , we obtain that ϕ1

s

solves the Laplace Neumann problem on the half-strip:

LNeu(ϕ
1
s) = (0; 0;−Tm

s (ζ0
∗)). (6.2)

Since, for each fixed s ∈ ∂ω , Tm
s (ζ0

∗) is a constant, Proposition 4.5 yields that the
only exponentially decreasing solution is ϕ1

s ≡ 0 obtained with Tm
s (ζ0

∗) = 0 on ∂ω .

Then ζ0 satisfies boundary conditions (6.1). In the special case when ω is a disk
or an annulus, the compatibility condition (1.2) yields that the right hand side R0

m

of the membrane equation is orthogonal to (x2,−x1) , whence the existence of ζ0
∗ —

the uniqueness being achieved in a coherent way as indicated in Theorem 6.1.

6.2 The traces of u1
KL

The equations (3.18) for k = 1 and for k = 2 yield the same condition as in case
©1 for the trace of ζ1

3 which must vanish, and the same equations (5.7) linking the
couple ϕ1

♮ and the traces of ζ1
n , ∂nζ

1
3 , ζ2

3 . Thus, the result concerning these traces
is the same for the hard and soft clamped situations.

Concerning the tangential component, the condition T 3
s = 0 yields, cf (3.25b)

T (0)
s (ϕ2) = −Tm

s (ζ1
∗) + 2µx3 (∂n + 1

R
)∂sζ

1
3 − T (1)

s (ϕ1).

Taking into account the already known trace condition ζ1
3 = 0 , equation (3.26) leads

to the following Neumann problem for the lateral part ϕ2
s

LNeu(ϕ
2
s) =

(
− (B(1)ϕ1)s ;− (G (1)ϕ1)s ;− Tm

s (ζ1
∗) + 2µx3∂snζ

1
3 − T (1)

s (ϕ1)
)
. (6.3)

Proposition 4.5 yields that ϕ2
s is exponentially decreasing if and only if

Tm
s (ζ1

∗) = −
1

2

(∫

Σ+

(B(1)ϕ1)s(t, x3) dt dx3

−

∫

R+

(
(G (1)ϕ1)s(t, 1) − (G (1)ϕ1)s(t,−1)

)
dt

+

∫ +1

−1

T (1)
s (ϕ1)(0, x3) − 2µx3∂snζ

1
3 (0) dx3

)
.

(6.4)

Since ϕ1
s = 0 , the terms involved in (6.4) reduce to

(B(1)ϕ1)s = (λ+ µ)∂s(∂tϕ
1
t + ∂3ϕ

1
3), (G (1)ϕ1)s = µ ∂sϕ

1
3, T (1)

s (ϕ1) = µ ∂sϕ
1
t .

Since only the even terms in x3 contribute to the integrals in (6.4) we see that we
have only to take into consideration the (even, odd) part of ϕ1

♮ , which is equal to,
cf (5.15)

div∗ ζ
0
∗(s) ϕ̄

m
♮ (t, x3).
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Thus Tm
s (ζ1

∗) = c
©2
2 ∂s div∗ ζ

0
∗ , with

−2 c
©2
2 = (λ+ µ)

∫

Σ+

(∂tϕ̄
m
t + ∂3ϕ̄

m
3 ) dt dx3

−µ

∫

R+

(
ϕ̄m

3 (t, 1) − ϕ̄m
3 (t,−1)

)
dt

+µ

∫ +1

−1

ϕ̄m
t (0, x3) dx3.

(6.5)

Formulas (6.1) are completely proved.

Thus, ζ1 is the unique solution of the membrane and bending equations with
zero interior right hand sides and the boundary conditions of (6.1), except when ω is
a disk or an annulus, where we check the orthogonality condition

∫
∂ω
Tm

s (ζ1
∗) ds = 0

due to the identity
∫

∂ω
∂s div∗ ζ

0
∗ ds = 0 .

6.3 Recursivity

Recursion hypothesis. Let us assume that ζk is determined for k ≤ j−2 , ζk
n|∂ω

and ∂nζ
k
3 |∂ω for k ≤ j− 1 and ζk

3 |∂ω for k ≤ j . And finally that ϕk is determined
for k ≤ j−1 such that (3.16)-(3.17) is satisfied for k ≤ j−1 , Dk

n = 0 for k ≤ j−1 ,
Dk

3 = 0 for k ≤ j , cf (3.18) and T k
s = 0 for k ≤ j , cf (3.21).

Therefore, by the formulas of Table 6, vk and Rk
m are known for k ≤ j .

The condition T j+1
s = 0 yields that the tangential part ϕj

s of problem (3.26)
solves

LNeu(ϕ
j
s) = (fj

s; g
j
s; h

j
s), (6.6)

where fj
s and gj

s are given by (3.27) and hj
s = Tm

s (ζj−1
∗ ) + ljs where

ljs = 2µx3 (∂n + 1
R
)∂sζ

j−1
3 − µ(∂sv

j−1
n + ∂nv

j−1
s + 2

R
vj−1

s ) − T (1)
s (ϕj−1). (6.7)

As fj
s , gj

s and ljs are known, Proposition 4.5 yields the value of the trace of Tm
s (ζj−1

∗ )
so that the coefficient (4.5) is zero, and thus ϕj

s is exponentially decreasing.

Then ζj−1
∗ is determined, so is Rj−1

b , thus ζj−1 is known. Therefore vj+1 is
known and conditions Dj

n = 0 and Dj+1
3 = 0 yield that ϕj

♮ solves

EDir(ϕ
j
♮) =

(
f
j
♮ ; g

j
♮ ; −(ζj

n − x3∂nζ
j
3 + vj

n),−(ζj+1
3 + vj+1

3 )
)
. (6.8)

As already explained in §5.1, there exist unique traces ζj
n|∂ω , ∂nζ

j
3 |∂ω and ζj+1

3 |∂ω

such that problem (6.8) has a unique exponentially decreasing solution. The recur-
rence is now completed.

When ω is a disk or an annulus, we can check that the orthogonality conditions
ensuring the existence of ζj

∗ are automatically fulfilled: indeed
∫

ω
Rj

m×x∗ = 0 holds
because of the special form of Rj

m , cf Def. 2.7 and Table 6, plus an integration by
parts; moreover

∫
∂ω
Tm

s (ζj
∗) = 0 due to a similar argument as in the case j = 1 ,

plus the fact that the transverse mean values of the vk are zero, as well as the
transverse mean values of the ϕk

s . The orthogonality condition
∫

ω
ζj
∗ × x∗ = 0 is

then a consequence of (1.3), since the boundary layer terms do not contribute to the
integral

∫
Ω
u∗(ε) × x∗ .
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7 HARD SIMPLY SUPPORTED

Here the space of rigid motions R©3 is reduced to {0} .

Theorem 7.1 The expansion (2.1)-(2.2) holds for the solution u(ε) of the scaled
variant of problem (1.1) with lateral condition ©3 . The Kirchhoff-Love generators ζk

∗

and ζk
3 are solutions of membrane and bending problems with interior data Rk

m and
Rk

b , and boundary conditions prescribing Tm
n (ζk

∗ ) , ζk
s , and ζk

3 , Mn(ζk
3 ) respectively.

Namely, ζ0 and ζ1 satisfy the following boundary conditions on ∂ω

Tm
n (ζ0

∗) = 0, ζ0
s = 0, ζ0

3 = 0, Mn(ζ0
3 ) = 0,

Tm
n (ζ1

∗) = c
©3
1 κ2 ζ0

n , ζ1
s = 0, ζ1

3 = 0, Mn(ζ1
3 ) = c

©3
4 κ2 ∂nζ

0
3 ,

(7.1)

where c
©3
1 and c

©3
4 are coefficients only depending on λ and µ , and κ = κ(s) is

the curvature of ∂ω . The first boundary layer profile satisfies ϕ1
s = 0 and

ϕ1
♮ = κ ζ0

n(s) ϕ̄m
♮ + κ ∂nζ

0
3 (s) ϕ̄b

♮ , (7.2)

where ϕ̄m
♮ = ϕ̄m

Mix1,♮ and ϕ̄b
♮ = ϕ̄b

Mix1,♮ are typical profiles depending only on (t, x3) .

The comparison between the above statement and Theorem 5.1 exhibit the strong
influence of the curvature in the hard simply support situation: in any straight part
of the boundary of ω , ϕ1 ≡ 0 .

This fact can be explained in a direct way: here all the tangential components
of the displacement are set to zero, whereas the normal component of the traction
is zero. Therefore, in the neighborhood V of any flat part of the lateral boundary
Γ0 , we can extend the displacement across Ω by reflection: the odd reflection of the
tangential components and the even reflection of the normal component extend u(ε)
to a new displacement ũ(ε) associated to extended horizontal boundary conditions
g̃−

+ and volume forces f̃ . Thus the extended displacement satisfies estimates as if V
is inside the plate, i.e. far away from the boundary layer.

If the support of the data avoids the lateral boundary Γ0 in the neighborhood
V , then there are no boundary layer terms at all in V : u(ε) can be expanded in a
power series inside V . The situation is exactly the same in the case of the ‘sliding
edge condition’.

7.1 The traces of u0
KL

According to (3.18), D0
3 = 0 yields ζ0

3 = 0 on ∂ω , then D0
s = 0 is equivalent to

ζ0
s = 0 on ∂ω . Next, D1

3 = 0 yields ζ1
3 = 0 on ∂ω , and D1

s = 0 provides the
equation for ϕ1

s

LDir(ϕ
1
s) = (0; 0;−ζ1

s ). (7.3)

Proposition 4.4 yields that the only exponentially decreasing solution is ϕ1
s ≡ 0

obtained with ζ1
s = 0 on ∂ω .
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According to (3.24) T 0
n and T 1

n are zero. Conditions T 2
n = 0 , cf (3.25b), and

D2
3 = 0 yield that ϕ1

♮ has to solve

EMix1(ϕ
1
♮ ) =

(
0; 0; −Tm

n (ζ0
∗) + x3 Mn(ζ0

3), −(ζ2
3 + v2

3)
)
. (7.4)

With formulas (4.8) we can compute the three coefficients δ3 , δ5 and δ7 , and
determine conditions on Tm

n (ζ0
∗) , Mn(ζ0

3 ) and ζ2
3 so that these three coefficients are

zero, ensuring that ϕ1
♮ is exponentially decaying. We have

γ̄5 δ5 =

∫ +1

−1

−Tm
n (ζ0

∗) + x3 Mn(ζ0
3 ) dx3 (7.5a)

γ̄7 δ7 =

∫ +1

−1

x3 T
m
n (ζ0

∗) − x2
3Mn(ζ0

3) dx3 (7.5b)

γ̄3 δ3 =

∫ +1

−1

6p̄3(−T
m
n (ζ0

∗) + x3 Mn(ζ0
3 )) + 6µ(p̄2 + p̄3

′)(ζ2
3 + v2

3) dx3. (7.5c)

With (7.5a) and (7.5b), the conditions δ5 = 0 and δ7 = 0 give immediately that
Tm

n (ζ0
∗) = 0 and Mn(ζ0

3 ) = 0 on ∂ω respectively. Then with the formula v2
3 =

p̄1 div∗ ζ
0
∗ + p̄2∆∗ζ

0
3 we can compute from (7.5c)

γ̄3 δ3 = −4(λ̃+ 2µ)
(
ζ2
3 −

λ̃

30µ
∆∗ζ

0
3

)
,

whence the relation 30µ ζ2
3 = λ̃∆∗ζ

0
3 ensuring the existence of a unique exponentially

decreasing profile solution of (7.4).

But we have on ∂ω

Tm
n (ζ∗) = (λ̃+ 2µ) div∗ ζ∗ + 2µ(κ ζn − ∂sζs) (7.6a)

Mn(ζ3) = (λ̃+ 2µ)∆∗ζ3 + 2µ(κ ∂nζ3 − ∂ssζ3). (7.6b)

Since ζ0
s and ζ0

3 are zero on ∂ω , then ∂sζ
0
s and ∂ssζ

0
3 are also zero and since

Tm
n (ζ0

∗) = 0 and Mn(ζ0
3 ) = 0 we deduce from (7.6) the relations

div∗ ζ
0
∗ = −

2µ

λ̃ + 2µ
κ ζ0

n and ∆∗ζ
0
3 = −

2µ

λ̃ + 2µ
κ ∂nζ

0
3 . (7.7)

Therefore, with ϕ̄m
♮ the solution of

EMix1(ϕ̄
m
♮ ) =

(
0; 0; 0,

2µ

λ̃+ 2µ
p̄1

)
, (7.8)

and with ϕ̄b
♮ the solution of

EMix1(ϕ̄
b
♮ ) =

(
0; 0; 0,

2µ

λ̃+ 2µ
(
λ̃

30µ
+ p̄2)

)
, (7.9)

we obtain the expression (7.2) of the first boundary layer term.
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7.2 The traces of u1
KL

The next relations are deduced from T 3
n = 0 and D3

3 = 0 which yield that ϕ2
♮ has

to solve

EMix1(ϕ
2
♮ ) =

(
−(B(1)ϕ1)

♮
; −(G (1)ϕ1)

♮
; −T

(1)
t (ϕ1)−Tm

n (ζ1
∗)+x3Mn(ζ1

3), −(ζ3
3+v3

3)
)
.

(7.10)
The cancellation of the coefficients δ5 , δ7 and δ3 , cf (7.5) is ensured by relations
determining Tm

n (ζ1
∗) , Mn(ζ1

3 ) and ζ3
3 . In particular we have

Tm
n (ζ1

∗) = −
1

2

(∫

Σ+

(B(1)ϕ1)t(t, x3) dt dx3

−

∫

R+

(
(G (1)ϕ1)t(t, 1) − (G (1)ϕ1)t(t,−1)

)
dt

+

∫ +1

−1

T
(1)
t (ϕ1)(0, x3) − x3Mn(ζ1

3 )(0) dx3

)
.

(7.11)

Since ϕ1
s = 0 , the terms in the right hand side of (7.10) reduce to

(B(1)ϕ1)t = −(λ + 2µ) κ ∂tϕ
1
t , (G (1)ϕ1)t = 0, T

(1)
t (ϕ1) = −λ κϕ1

t

and

(B(1)ϕ1)
3

= −µ κ ∂tϕ
1
3 − (λ+ µ) κ ∂3ϕ

1
t , (G (1)ϕ1)

3
= −λ κϕ1

t , T
(1)
3 (ϕ1) = 0.

Whence the formulas (7.1) for Tm
n (ζ1

∗) and Mn(ζ1
3) are deduced from the above

relations and the expression (7.2) for ϕ1
♮ .

This process of solving the asymptotics is clearly recursive.

8 SOFT SIMPLY SUPPORTED

The space of rigid motions R©4 is three-dimensional and spanned by the in-plane
rigid motions.

Theorem 8.1 The expansion (2.1)-(2.2) holds for the solution u(ε) of the scaled
variant of problem (1.1) with lateral condition ©4 , compatibility condition (1.2) and
orthogonality condition (1.3). The Kirchhoff-Love generators ζk

∗ and ζk
3 are solu-

tions of membrane and bending problems with interior data Rk
m and Rk

b , and bound-
ary conditions prescribing Tm

n (ζk
∗ ) , Tm

s (ζk
∗ ) , and ζk

3 , Mn(ζk
3 ) respectively, and with

corresponding compatibility and orthogonality conditions. ζ0 and ζ1 satisfy the fol-
lowing boundary conditions on ∂ω

Tm
n (ζ0

∗) = 0, Tm
s (ζ0

∗) = 0, ζ0
3 = 0,
Mn(ζ0

3) = 0,

Tm
n (ζ1

∗) = c
©4
1 κ div∗ ζ

0
∗ , Tm

s (ζ1
∗) = c

©4
2 ∂s div∗ ζ

0
∗ , ζ1

3 = 0,

Mn(ζ1
3) = (c

©4
4 κ

2 + c
©4
5 ∂ss)∂nζ

0
3 ,

(8.1)
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where c
©4
1 and c

©4
4 are proportional to their homologues for the hard simple support:

there holds c
©4
1 = − 1

2µ
(λ̃ + 2µ) c

©3
1 and c

©4
4 = c

©3
4 . Moreover c

©4
2 is equal to c

©4
1

and c
©4
5 is another coefficient, only depending on λ and µ . The first boundary layer

profile fulfills ϕ1
s = ∂snζ

0
3(s) ϕ̄

s
Neu , where ϕ̄s

Neu satisfies LNeu(ϕ̄
s
Neu) = (0; 0; 2µx3)

and

ϕ1
♮ = −

1

2µ
(λ̃+ 2µ) div∗ ζ

0
∗(s) ϕ̄

m
♮ + κ ∂nζ

0
3(s) ϕ̄

b
♮ , (8.2)

where ϕ̄m
♮ = ϕ̄m

Mix1,♮ and ϕ̄b
♮ = ϕ̄b

Mix1,♮ are the profiles introduced in (7.2), compare
(7.8) and (7.9).

8.1 The traces of u0
KL

According to (3.18), D0
3 = 0 and D1

3 = 0 yields ζ0
3 = 0 and ζ1

3 = 0 on ∂ω .
According to (3.24) T 0

s and T 1
s are zero. Condition T 2

s = 0 , yields cf (3.25b)

T (0)
s (ϕ1) = −Tm

s (ζ0
∗) + 2µx3 (∂n + κ)∂sζ

0
3 .

Taking into account the already known trace condition ζ0
3 = 0 , we obtain that ϕ1

s

solves the Laplace Neumann problem on the half-strip:

LNeu(ϕ
1
s) = (0; 0;−Tm

s (ζ0
∗) + 2µx3∂snζ

0
3). (8.3)

Proposition 4.5 yields that the only exponentially decreasing solution ϕ1
s is obtained

with Tm
s (ζ0

∗) = 0 on ∂ω . Moreover, ϕ1
s is equal to ∂snζ

0
3(s) ϕ̄

s
Neu , where ϕ̄s

Neu is
the unique exponentially decaying solution of LNeu(ϕ̄s) = (0; 0; 2µx3) and therefore
is clearly odd with respect to the variable x3 .

According to (3.24) T 0
n and T 1

n are zero. Just like in the hard simple support
case, conditions T 2

n = 0 and D2
3 = 0 yield that ϕ1

♮ has to solve equation (7.4) and
we obtain the conditions Tm

n (ζ0
∗) = 0 and Mn(ζ0

3) = 0 on ∂ω .

Since ζ0
3 is zero on ∂ω , then ∂ssζ

0
3 is also zero and we deduce from Mn(ζ0

3) = 0
the relation

∆∗ζ
0
3 = −

2µ

λ̃+ 2µ
κ ∂nζ

0
3 . (8.4)

Therefore, similarly as in §7.1 we obtain the expression (8.2) of the first boundary
layer term.

Since the rigid motions belonging to R©4 do not depend on the vertical variable
x3 , the compatibility condition ensuring the existence of ζ0

∗ is a consequence of
the expression of the right hand side R0

m and of the compatibility conditions (1.2)
assumed for the data f and g−

+ of the three-dimensional problem.

8.2 The traces of u1
KL

Concerning the tangential component, the condition T 3
s = 0 yields in the same

manner as in §6.2 that ϕ2
s has to solve

LNeu(ϕ
2
s) =

(
− (B(1)ϕ1)s ; − (G (1)ϕ1)s ; − Tm

s (ζ1
∗) + 2µx3∂snζ

1
3 − T (1)

s (ϕ1)
)
. (8.5)
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Proposition 4.5 yields that ϕ2
s is exponentially decreasing if and only if (6.4) holds.

In this case, the terms in (6.4) are given by

(B(1)ϕ1)s = µ κ (∂tt + ∂33)(tϕ
1
s) − µ κ ∂tϕ

1
s + (λ+ µ)∂s(∂tϕ

1
t + ∂3ϕ

1
3),

(G (1)ϕ1)s = µ ∂sϕ
1
3, T (1)

s (ϕ1) = µ (∂sϕ
1
t + 2κϕ1

s).

Taking into account the parities of the first boundary layer terms, we see as in §6 that
only the boundary layer term div∗ ζ

0
∗(s) ϕ̄

m
♮ (t, x3) must be taken into consideration.

The same calculations as in §6.2 then lead to the expression for Tm
s (ζ1

∗) .

The next relations are deduced from T 3
n = 0 and D3

3 = 0 which lead to the
following problem for ϕ2

♮

EMix1(ϕ
2
♮ ) =

(
−(B(1)ϕ1)

♮
; −(G (1)ϕ1)

♮
; −T

(1)
t (ϕ1)−Tm

n (ζ1
∗)+x3Mn(ζ1

3), −(ζ3
3+v3

3)
)
.

(8.6)
The cancellation of the coefficients δ5 , δ7 and δ3 , cf (7.5), ensuring the existence
of exponentially decreasing profiles is guaranteed by relations determining Tm

n (ζ1
∗) ,

Mn(ζ1
3 ) and ζ3

3 . The terms in the right hand side of (8.6) are given by

(B(1)ϕ1)t = −(λ+ 2µ) κ ∂tϕ
1
t + (λ+ µ) ∂t∂sϕ

1
s,

(G (1)ϕ1)t = 0, T
(1)
t (ϕ1) = λ (∂sϕ

1
s − κϕ1

t )

and
(B(1)ϕ1)

3
= −µ κ ∂tϕ

1
3 + (λ+ µ) ∂3(−κϕ

1
t + ∂sϕ

1
s),

(G (1)ϕ1)
3

= λ (−κϕ1
t + ∂sϕ

1
s), T

(1)
3 (ϕ1) = 0.

Taking into account the parities of the boundary layer terms, the formulas in (8.1)
for Tm

n (ζ1
∗) ( δ5 = 0 ) and Mn(ζ1

3) ( δ7 = 0 ) are deduced in a similar way as in
§7.2. Moreover, a relation determining ζ3

3 can be derived at this stage (compare
the expression for the constant δ3 in (7.5c)). By evaluating in the condition δ7 = 0

the terms involving ∂ssnζ
0
3 , an expression for the constant c

©4
5 can be given. The

derivation of this expression reads

c
©4
5 =

3

2

[
(λ+ µ)

∫

Σ+

(x3 ∂tϕ̄
s
Neu − t ∂3ϕ̄

s
Neu) dt dx3 + λ

∫ ∞

0

t ϕ̄s
Neu(1, t) dt

−λ

∫ ∞

0

t ϕ̄s
Neu(−1, t) dt+ λ

∫ +1

−1

x3 ϕ̄
s
Neu(0, x3) dx3

]

=
3

2

[
−µ

∫ +1

−1

x3 ϕ̄
s
Neu(0, x3) dx3 − 2µ

∫ ∞

0

t ϕ̄s
Neu(1, t) dt

]
.

Applying the second Green’s formula for Laplace on rectangles ΣL = (0, L)× (−1, 1)
to the functions ϕ̄s

Neu(t, x3) and w(t, x3) = t x3 and considering L → +∞ , the
relation ∫ +1

−1

x3 ϕ̄
s
Neu(0, x3) dx3 = 2

∫ ∞

0

t ϕ̄s
Neu(t, 1) dt
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is obtained, and thus

c
©4
5 = −3µ

∫ +1

−1

x3 ϕ̄
s
Neu(0, x3) dx3

is valid.

Concerning the generator ζ1 of u1
KL , the last thing we have to check is the

compatibility condition for the data. This concerns only ζ1
∗ and the non-zero data

are only the traces of the traction Tm
n (ζ1

∗) = c
©4
1 κ div∗ ζ

0
∗ and Tm

s (ζ1
∗) = c

©4
2 ∂s div∗ ζ

0
∗ .

We have to check that for any in-plane rigid motion v∗ (whose normal and tangential
components are denoted by vn and vs as usual)

∫

∂ω

(
Tm

n (ζ1
∗) vn + Tm

s (ζ1
∗) vs

)
ds = 0. (8.7)

We are going to give two proofs of (8.7) by two different methods. The first one deals

with the explicit expressions of Tm
n (ζ1

∗) and Tm
s (ζ1

∗) and derives the identity c
©4
1 =

c
©4
2 by direct computations. The second one goes back to the whole construction. Its

advantage is that it can be extended by recursivity to the compatibility conditions
necessary to the construction of the next terms ζk

∗ , k = 2, . . . in the asymptotics.

First Proof. With the help of an integration by parts and Frenet’s formulas,
it is straightforward to obtain

Lemma 8.2 Let g belong to H1/2(∂ω) . Then for any rigid motion v∗ = a(−x2, x1)+
(b, c) , we have ∫

∂ω

(κ g vn + ∂sg vs) ds = 0. (8.8)

Thus it remains to check that c
©4
1 = c

©4
2 . Applying Proposition 4.8 to equation

(8.6), we obtain from the cancellation of the coefficient δ5 that

c
©4
1 = −

λ̃ + 2µ

4µ

[
(λ+ 2µ)

∫

Σ+

∂tϕ̄
m
t dt dx3 + λ

∫ +1

−1

ϕ̄m
t (0, x3) dx3

]
. (8.9)

Applying Proposition 4.5 to equation (8.5), we obtain that

c
©4
2 = −

λ̃+ 2µ

4µ

[
−(λ+ µ)

∫

Σ+

(∂tϕ̄
m
t + ∂3ϕ̄

m
3 ) dt dx3

+ 2µ

∫ ∞

0

ϕ̄m
3 (t, 1) dt− µ

∫ +1

−1

ϕ̄m
t (0, x3) dx3

]
.

(8.10)

Integrating by parts, we transform (8.9) and (8.10) into

c
©4
1 = −

λ̃ + 2µ

4µ

[
2µ

∫

Σ+

∂tϕ̄
m
t dt dx3

]
(8.11)
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and

c
©4
2 = −

λ̃+ 2µ

4µ

[
−λ

∫

Σ+

(∂tϕ̄
m
t + ∂3ϕ̄

m
3 ) dt dx3

]
. (8.12)

But since ϕ̄m
♮ solves EMix1(ϕ̄

m
♮ ) = (0; 0; 0, c p1) , integrating versus t on Σ+ the

relation µ(∂tt + ∂33)ϕ̄
m
t + (λ + µ)∂t(∂tϕ̄

m
t + ∂3ϕ̄

m
3 ) = 0 and using the boundary

condition ∂3ϕ̄
m
t + ∂tϕ̄

m
3 = 0 on the sides x3 = −+1 , we find that

∫

Σ+

((λ+ 2µ)∂tϕ̄
m
t + λ ∂3ϕ̄

m
3 ) dt dx3 = 0. (8.13)

Whence the equality c
©4
1 = c

©4
2 .

Second Proof. We set ϕ = ϕ1 + εϕ2 . Denoting by Tm
∗ the membrane

traction, we have by construction

Tm
∗ (ζ0

∗ + εζ1
∗) = −

1

2

(∫

Σ+

f∗(ε) −

∫

R+

(
g+
∗ (ε) − g−

∗ (ε)
)

+

∫ +1

−1

h∗(ε)

)
, (8.14)

compare with (6.4), (7.11), where

f(ε) = Bϕ+ O(ε2), g(ε) = Gϕ+ O(ε2), h(ε) = Tϕ+ O(ε2).

Setting on Ωε , w(x̃) = χ(r)ϕ( r
ε
, s, x̃3

ε
) and integrating (8.14) along ∂ω we obtain

for any rigid motion v in R©4

∫

∂ω

Tm
∗ (ζ0

∗ + εζ1
∗) · v∗ =

1

2

∫

Ωε

Ae(w) : e(v) + O(ε2) = O(ε2),

whence (8.7).
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