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Introduction 

The start ing point o* this work is a paper by Birman and Solomjak [BI-SO I ]  in 

which they study the eigenvaiues asymptotlcs of a class o[ integral compact operators 

on L~(Rn). These operators are pseudodifferential, with symbols that are homogeneous 

(or quasi-homogeneous) of negative order with respect to the phase variable ; there 

are very few regular i ty assumptions wi th respect to the space variable. 

I f  such an operator A is sel:[-adjoint, (X~ (A)) denoting the positive eigenvalues 

decreasing sequence of A, [BI-SO I ]  gives an equivalent to the X+ (A), by powers of / 
j when j + + o~ , and the corresponding result for negative eigenvalues (cf § 2.A). The 

method of [BI-SO t ]  is based on Courant's mini-max principle and consists in reducing 

to a model problem on the torus'[  'n. 

In this work, we intend to extend and precise [BI-SO 1] results in two directions : 

( l )  relaxing the homogeneity assumption 

(2) gett ing a remainder estimate. 

As the symbol may vanish and change of sign, there are some di f f icul t ies we 

wi l l  overcome by making an hypoell ipt ic regularization of the operators and then using 

a Mellin functionnal pseudodifferential calculus. 

Here is the structure of our paper 

§l : Assumptions and the main result. 

§2 : Special cases and examples. 

§3 : Further information about spectral theory of globally hypoeil ipt ic pseudodifferential 

operators on R n, 

§4 : Proof of the main result. 

Annex A : Weyl-Ky Fan inequalities. 

Annex B : Composition formula wi th precised remainder. 

Annex C : Computation for an example. 
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The main results of  this paper have been announced in the authors '  note [DA-RO] .  

§1 : Assumpt ions and the main resu l t  

Our operators  are described by the proper t ies  of  the i r  Weyl's symbols, according 

to  L.  H6rmander 's  f o rma l i za t i on  [HO l ] .  For  the sake of  s imp l i c i t y ,  we res t r i c t  our -  

selves to  the diagonal  metr ics.  Le t  us recal l  some def imt ions.  
-~ n On T R n, i den t i f i ed  to  R 2n : Rnx x R ~  , l e t  qb and cp be two we igh t  func t ions ,  

wi th  thezr  va lues  in ]0,+oo[. 

(1.1) D e f i n i t i o n  

L e t  m be a we igh t  f unc t i on ,  m : R 2n ÷ ]0 ,+m[ .  

(1) If t h e r e  ex i s t s  C O , C 1 >0  such t h a t  : 

[y[ ¢(x,g) + Inl ~(x,g) ,<Co(qb~p)(x,g) =~ c i  1 m(x,~) .< m(x+y,~+r~) ..<c I m(x,~) 

t hen ,  m is ca l l ed  (~rp)-continuous.  

(2) If, m o r e o v e r ,  t h e r e  ex i s t s  C, M > 0 such t h a t  : 

m(x+y,~+n) .< C m ( x , ~ ) [ l + [ y [  ¢(x,~) + In[ ~x,g)]  M 

then ,  n, is ca l l ed  (¢,q0)- temperate.  

In th is  whole  work,  we a s sume  : 

(HI) ¢-l,~p-i a re  bounded  on R 2n and they  a re  (¢# ) - con t inuous  and ( l , l ) - t e m p e r a t e .  

class 

(1.2) 

If m is a (qb,q0)-temperate weigh t ,  a c c o r d i n g  to [BE] we d e n o t e  by S(m ; ¢,q0) t he  

of symbols  a e C°°(R 2n) such t h a t  for  all k e N the  fo l lowing q u a n t i t i e s  a re  f i n i t e  : 

sk(a ; m) = Sup Im-I ml~l mill a t~ a 6× al . 
Rn, l~+~l:k  

The (Sk) a re  a f ami ly  of s e m i - n o r m s  for S(m ; ¢,rp). 

W To a symbol  a in S(m ; {,~p), we associate the opera to r  A Op 

to the Weyl's quan t i za t ion  : 

Au(x) = / e  i ( x - y ' ~ ) a (  x+-ZY- ,~ ) u(y) dy d~ 
2 

with  <f~ = (2 ~)-n d~ . 

a, a c c o r d i n g  

H e r e  a re  c o m p l e m e n t a r y  a s s u m p t i o n s  a b o u t  t h e  we igh t s  : 

e0 R2n (H 2) 3 c ,  ¢ 0 >0 such that  c(i+lxl+l~t) .<(¢~)(x,~) on 

(w) m is (~,cp)-temperate and m ~ S(m ; ~b,~) 

(N) 3 K ,  K' >0 ,  3y,  y' >0  such t h a t  K' m Y' ,<(~0) -1 x<K m Y on R 2n, 

With (H2) , (N) s t a t e s  t h a t  m has  a n e g a t i v e  o rder .  

L e t  be a ~ S ( m  ; ~,q)) wi th  rea l  va lues .  (HI)  , (H2) , (W) and (N) imply t h a t  Op w 

is s e l f - a d j o i n t  and c o m p a c t ,  wi th  the  kerne l  : 
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Ka(x'Y) : tCj ei<X_y,~ > a( x+-~2 , ~) d ~ .  

The spec t rum of A is d i sc re t e  with only one accumula t ion  point  in O. Denote  

by )~T(A) (resp.)~i(A)) the  decreas ing  (resp. increasing)  sequence  of pos i t ive  (resp. nega t ive )  

e igenva lues  of  A, r epea t ed  accord ing  to their  mul t ip l ic i t i es .  For  t > 0, we in t roduce  

the  count ing  funct ions  : 

A) : # {j e N / -+ ~.,+- (A) > ),} .  N+(t 
J 

Like the class ica l  Weyl's fo rmula  for the  D i r i ch l e t ' s  problem on a bounded domain,  

we c o m p a r e  N+_(t ; A) when )~ + + % with the vo lume funct ions  V+(X ; a) in the  c lass ica l  

phase space • 

V+(t  ; a) : / dx <f~.  
- , , '+  - a > ) ~  

For the funct ions V, we need, as in [TU-SU],  a con t ro l  of  the de r i va t i ve  : for  

a decreasing funct ion f : ]0,+oo [ ÷ [0,+oo [, we say that  f ver i f ies  (T) i f  there  exists 

;~0 >0 '  YI ' Y2 >0 such tha t  : 

f I is der ivab le  on ]0,t 0] 

(T) 

~ ¥ 1  f(t) < -  t f ' ( t )  <Y2 f(1) for all ;~ ~ ]0,),0]. 

By in tegra t ing  (T), we obtain  the  useful inequal i ty  : 

( k 2 )  Yl f(>'l ) / k 2 ~ Y 2  
(T ' )  < 

Our main resul t  is : 

(1.3) Theorem 

With the  hypotheses  (HI)  , (H2) , (W) and (N), le t  a e S(m ; ~b,~) be a rea l  symbol 

and A : Op W a. We assume tha t  the  vo lume funct ions  V+(. ; m), V+(. ; a) and V( .  ; a) 

ver i fy  (T). Then, t he re  is ( >0 such tha t  : 

(1) N+(~ ; A) = V+0, ; a) ~ O(A ~ V+(t ; m)) when t ÷ 0+ ; 

(2) if moreove r ,  V+0~ ; m) : O(V 0, ; a)), we have : 
+ 

(1.#) N+(~ ; A) : V+0~ ; a) (1+O(t~)) when) ,  + 0+ ; 

(1.5) 2,+ (A) : A*(j ; a) (l+0(j-~)) when j ÷ ,  co ) 

where  A*(t ; a) is the  inverse  funct ion  of V (. ; a), which is well  def ined for t la rge  + 
enough. 

We have  corresponding  s t a t e m e n t s  linking N and V • 

(1.6) Rem arks  

(1) The condi t ion (T) about  V (. ; a) may be rep laced  by : 

V 0~ ; a) : O(,t ~0 V(t ; m)) with ~0 > 0. 

(2) I f  a : a 0 + a I w i th  a I e S(m(~b ~)-g ; qb, 0 and c > 0, V+ 

by V+6t ; a 0) 

(t ; a) may be replaced 
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Asymptot lcs  of (1.#) type are well known for wide classes of globally hypoelliptic 

pseudodiiferent ial  operators  with positive order - c i  §3 - Among the numerous works 

about this, let us quote : [TU-SU], [RO], [HO 2], [HE-RO 2], [MO], [FE]. However, in 

our case,  the symbol need not to have a constant  sign and we cannot reduce our opera- 

tors to those of "the above works : in particular,  the separation between positive and 

negat ive parts of the spectrum is awkward. 

About a connected  problem, G. Grubb [GR] has noted tha t  an hypoelliptic regula- 

r ization can yield a result  for positive operators .  Our method of proof consists  in sharpe- 

ning this remark.  We shall be led to use accura te  results  about functionnal calculus 

for a class of hypoelliptic operators  (3.12) and we shall deduce from that  a Weyl's 

formula of [HO 2] type (3.21). Those results will be s ta ted in §3 and, moreover,  we 

will show that  they have other  applications (3.16), (3.i7), (3.20). 

§2 Special cases  and examples  

2.A. Homogeneous symbols 

I st case : a = a 0 + a I where a 0 is homogeneous of degree o <0 wi th  respect to ( var ia-  

ble for  IEI > 1/2, and we suppose that  there is some s < o such that  : 

(i) a~x a0(x'0 "<% (t+lxl)s-I~l Vc~sN n, x ~ R  n, {~l=1 

(ii) a~ a~ al(x,O .<cmS(:+lxl) s-l~l (l+l~t) s-isl Vc,,S ~ N n (x,O * R  2n 

We can apply our result  with the weigths • 

~ x , 0  = l+l~l ; ~(x,0 = l+lxl  ; m(×,0 = ( l+ lx l ' )  s/2 (t+l~12) ° /2 
For A = Op W a, we obtain : 

(2.1) N+(X ; A) == xn/a(y+ + O(X~)) ,2, ÷0 ,  wi th ~ > 0 

where : 

(2E)-n f #  + 
(2.2) y+ -- n Rnxs n- I  a~ (x,~) ~n/a dx d~ . 

Note that  the condi t ion s < a yields the in tegrab i l i t y  of a ;  (x ,0  -n / °  on R n x S n-1 

(2.I)  is equivalent to : 

X~(A) = jo/n (C_+ + 0(j ~ a/n)), i "* + oo where C+ = (~+)-a/n 

We can compare those results w i th  [B[-SO t ]  ones : 

there are the fo l lowing di f ferences : 

a) [BI-SO l ]  symbols satisfy low regular i ty  assumptions 

b) they only get an equivalent 

c) they require supplementary condit ions about the behavior w i th  respect to x 

var iable : 

. s : - ~ i f  o ~ < - n  

• s < - n / 2  i f  c~ > - n / 2  . 
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2 d case  : we have obviously the same type of result  if we permuta te  x and K roles. 

We are now interested with the case when the homogeneit ies with respect  to x and 

are equal to each other : 

a(x,~) : b(x) c(O 

where b and c are homogeneous o£ degree o < 0 outside the ball with radius 1/2. We 

will compute in annex C the volume functions of a. Thus, for ~ > O. 

(2.1') N+_(~ ; A) : xn/o Log ~X+ , ~ n / o  8± ÷ 0(xn/°+~), ~ "+ 0+ 

where : 

(2II)-n L b-+(~')-n/o d~" ~ S c±(~-n/°  d~ 
(2.2') "f± • ~ n-1 n-I  

and 6+ may be computed as a funct ion of b and c (annex C). 

Note that  a is not an homogeneous funct ion of degree 20 outside a neighborhood 

of 0 in R 2n. Let  us compare w i th  the fo l lowing case : 

3 r d c a s e  : le t  c0= (x,K). We suppose that  a is C °o and such that ,  for  M ) I / 2  : 

a(~) = [~[ 2a a( ~ ). Then • 
I~I 

(2.1") N+0, ; A) = ~nlo (% + O(X¢)) with e > 0 

(2II)-n f 2  a+-( ~ )-n/a d~ , (2.2") ~ : 2n n- I  
b 

Note that  the 2 d and 3 rd cases are not in the scope of [BI-SO l ] .  

2.B : Condition (T) about the volume functions 

The condition (T) allows us to get rid of the homogeneity hypothesis. Here are 

assumptions about a under which condition (T) about V+~ ; a) is Iulfiled. 

(i) a e CI(R2n) and a(x,~) + 0 when l xl + IG 1 -~ + oo 

(ii) there is a vector  field X on R 2n such that  : 

(ii l) 3 ql,q2 > 0 : ql a 4 <X,Va> x< n 2 a 

(ii 2) 3 61,82 > 0 : <~I 4.< -div X < 62 . 

have, 

According to a classical result about the Leray's  Iorm on an hypersurface,  we 

with d S X denoting the euclidian measure on {a = X} : 

- X V ' +  (a ; X )  = X = a - -  , 
=~ I r a ]  =~ Iv al 

With (ii I) that  gives ; 

f 1 1 < X , V a > - -  ~< -~, V'(a ;~)  ~< ~-1 
(2.3) ~ a -- ~ I Val 

With the Green's formula,  we have : 

<X,Va> 
a = ~  Iv al 
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<X,V a> div X dx d( 
:x IVal a >.~ 

wi th  (it 2) and (2.3), t h a t  yie lds  cond i t i on  (T) a b o u t  V+0~ ; a). 

Note tha t  i f  a is quasi-homogeneous, w i th  weights k t on x i and h i on ~j , we 

may take : 

F(x,~) = -(k I x I , ... , k n x n ; h I ~I ' "'" ' hn ~n ) 

2.C : Sch r~d inge r  o p e r a t o r s  

L e t  us cons ide r  : A -- (-A+E) 0/2 V(-A+E) ° /2  wi th  A the  L a p i a c e ' s  o p e r a t o r  on R n, 

E >0 ,  o <0 ,  and t he  p o t e n t i a l  V such t h a t  t h e r e  is s <0  : 

(2.#) !a ~ V(x)[ .<c( l+ lx l )  2s-[~[ 
I f  s < ~ , this example  is a par t i cu la r  case of 2 .A, I .  Thus, le t  us assume that  

0 <S. 

According to remark (1.6/2) we may consider the " principal symbol " a 0 of A 

instead of the complete symbol. 

a0(x,O = (l~]2+E) ° V(x) 
Accord ing to  2.15, the cond i t ion  (T) w i l l  be fu l f i l ed  for V+(2,_ ; a 0) i f ,  for  C,C ' ,R > 0, 

k I , ... , k n >0, we have : 

n 
(2.5) C V(x) ~<- Z k x 3 V(x) ~<C' V(x), pour Ix[ >R 

i=l i i x i 

In tha t  case, we have : 

N+& ; A) = V+(~ ; a 0) + 0(~ ~ fs,o(X)) 

where fs,o00 = ~n/2s i f  s < o and fs,a(~) = tn /2s  L o g t i f  s = O. 

As an  ap p l i c a t i on ,  t e t  us cons ide r  t he  s t a t i o n n a r y  p r o b l e m  for  Schr6d inge r  e q u a t i o n  : 

(2.6) (A+gV) ~= C~ 

where E > 0 is the energy and g e R is a coupl ing constant .  For  a f ixed E, we search 

values of g for which (2.6) has a non-nul l  solut ion ~F in D(A) n D(V). For V ve r i f y ing  

(2.#) and g ~ 0, (2.6) is equ iva len t  to 

(2.7) ~F ~ LZ(R n) \ {0}  , (-D+E) -1/2 V(-A+E) -1/2 ~= _l ~F 
g 

It  is t h e  above  case ,  wi th  a = - [ .  Thus,  (2.6) has  n o n - t r i v m l  so lu t ions  for  two  

s e q u e n c e s  (gk (E)) and (gk (E)) w h e r e  ( + + gk (E)) is pos i t ive)  i n c r e a s i n g  and  (gk (E)) is n e g a -  

t ive ,  d e c r e a s i n g .  If i n f in i t e ,  e a c h  of those  s e q u e n c e s  a r e  no t  bounded .  I~ V ve r i f i e s  

(2.5), w i th  : 

N+(g,E) = # {k/g k (E) >. -+g} (g >0)  

we have ,  when  g + + oo : 
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(2.g) N+(g,E) - _  (21I)-nn l 'n ; (g V(x)-E)+n/2- dx + 0 (g -%I (g ( l+ lx t2 )QE)n /2  

where Y is the  volume of the unit  bali of R n. 
n 

Many works have given formulas  of (2.8) type ([SI],[MA]). 

dx 

2 .D  : Equat ion  A ~  = ~ B ¥ .  

Le t  A = Op W a and B = Op W b be two se l f -ad jo in t  operators  on L2(Rn), possibly 

unbounded w i th  domains D(A) and D(B). With (Gq0) weight  funct ions ve r i f y ing  (HI )  ~ (H2) , 

we suppose that  : 

(i) 
A is posi t ive and inver t ibte ,  

a = a 0 + a t where  a 0 is a t e m p e r a t e  weight  such t ha t  

a 0 ~ S(a 0 ; O,O and a 1 ~ S(ao(~q~) -~ ; Gq~) with E > 0 

b e S(q ; c),qo) where q is a t e m p e r a t e  weight such t ha t  

(ii) q ~ S(q ; #,q~) ; 
-1 m : :  a 0 q ver i f ies  the hypotheses (W) and (N) • 

(2.9) 

And we consider the  spec t ra l  problem : 

AT= ~,B~Y , ~ D(A) r i D ( B ) \ { 0 }  . 

By mean of compos i t ion  by the opera to r  C : A - I /2,  (2.9) is equ iva len t  to : 

~] = I C B C ~  , $ ~ L2(R n ) \ { O }  

Thanks to (n), theorem (1.3) can be appiied to CB C, and if the  volume funct ions 

sat isfy the  condit ion (T), we obta in ,  for a ¢ >0, when X + +  ¢o • 

N+(I ; A,B) = (2K) -n ]] dx de + 0(~ -¢ jj dx d¢) (2.10) 

a(x,~)< + X b(x,~) a(x,~)< X q(x,~) 

where N+~ ; A,B) (resp. N (~ ; A,B)) is the number  oi e igenvalues of (2.9) belonging 

to ]0~l] (resp. l-l,0[). 

Many papers are devoted to Weyl's fo rmulas of (2.10) type,  w l th  var ious hypotheses 

(see [BI-SO 3] and [ F L - L A ] ,  as we l l  as the i r  b ib l iographies).  Most of  them suppose that  

A is an el l ipt ic  d i f fe ren t ia l  opera tor  and B is the  mul t ip l ica t ion by a funct ion O. in 

par t icu lar ,  for Fleckinger  and Lapidus in [FL-LA], A is of Schr6dinger 's  type and 0 

may be discontinuous (for instance~ the  c a r a c t e r i s t i c  funct ion of a compac t  set).  However,  

those works general ly  only give an equivalent .  Le t  us note  t h a t  we find the  same resul t  

as the  one announced by Boi tmatov and Kostyuchenko in [BO-KO] under assumptions 

tha t  seem to us more general  and more natura l .  



g8 

§3 Further  i n f o r m a t i o n  about spectral  theory of globally hypoelliptic pseudodifferential  

o p e r a t o r s  on R n. 

3 .A  : Introduct ion  

Let (~,~0) be weight functions satisfying (HI). Let p be a symbol satisfying the 

condition (W), i.e : 

p ~ S(p ; O~c~), and the further condition (S) which is inverse of the condition (N) : 
6' R 2 n  (S) 3C,  C' >0, ~ ~' >0 such that  C p6< ((~c~) ~<C' p on 

Let Pbe Op W p. It is known that  under conditions (W) and (S), P is essentially self-adjoint 

from a~(Rn), and semi-bounded from below. If, moreover,  (~b~g0) satisfies the " el l ipt iei ty " 

condition (H2) , P has a compact  resolvent ([TU-SU], [BE], [RO], [HO 1]). 

In the following sections of .  this paragraph, we will study spectral  properties 

of P, by the mean of a [unctionnal calculus developped according [HE-RO 1] scheme : 

parametrix,  holomorphie functionnal calculus, Mellin transform. In this whole paragraph, 

we suppose that  (HI) , (H2) , (W) and (S) are true. By possibly translating p, we suppose 

that P is positive and invertible : 

P > ~ y > 0 .  

3.B : Functionnal calculus : parametr ix.  

For z ~ C \ R+ , we have to study (P-z) -I  pK with K positive integer (the reason 

of the introduction oi this parameter  K will appear in section 3.C). Thus, we build 

a parametrix for the equation : 
(3.1) ~(K) pK V z o (P-z) = , 

(3.2) 

As a f i rs t  approximation, we get the symbol : 
(K) = pK (p_z)-I 

qz ; 0  

Then, by recurrence over j, we define the symbols : 

( 3 . 3 )  ( K )  (p_z)-I [p(K) j~l Z r(~,6)(a~ D g p)(a~ o ~ (K) k) ] 
= - x x q z ;  

qz ; j J k=0 0~+8--j-k 

where F(cc, g) ((~ BI) -1 2-1~1 ( 2)-1~1 and (K) is the jth = ~ - pj term in the asymptotics of 

(K) ~ s(pK(~bq) )-j the symbol of p K  More precisely, pj ; ~b~c~) and is a polynomial expression 

of the ~ x p for I~.g[.<j, 

In particular,  q~K); l = 0 . 

By recurrence on j > i ,  we get : 

= ~ (_])k d(K) 
J k=0 jk (P-z)-k-I 

(K 36 p d (K) where the djk) are universal polynomial functions of the 3( x for [~+6[~<j. beiongs jk 
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to S(p K+k (~fl0) -j ; ¢,~0). ]For K : 0, d(j 0) is simply denoted by djk (cf [HE-RO 1]). 

Weyl's quan t iza t ion  allows the  fol lowing fur ther  detai ls .  

(3.5) L e m m a  
* d(K) (l)  if j = 2~, ~ N , then jk : 0 for each  k >.. 3~ 

(2) if j = 2~ + t, g ~ N ,  then d(jkK) : 0 :[or each k >.,3g + 1 

P r o o f  

Le t  nj be the  g r e a t e s t  power of (p-z) -1 in the expression of qz ; j ( k )  . It is su I f i c ien t  

to show by r e c u r r e n c e  on j ~ N tha t  : 

n . ~ m .  
1 J 

where  m2~ = 3~ + 1 and m2~+l : M + 2. 

We have  : n O = 1. On the o ther  hand, n I 41  because  : 

(K) q z  ; I =- ( l /2) (p-z) - I  {P'(P-Z)-I} + (P-Z)-I P(1 K) ' 

where  { , } is the Poisson 's  b racke t .  We no te  that ,  in the  sum (3.3), the  cont r ibut ion  

of the  t e rm corresponding to k = j - 1 (the highest  value of k) is • 
1 r (K) 

- 2  (P-Z)-I t p ' qz  ; }-1 } " 

power 

( 3 . 6 )  

Now, w i th  (3.4), we are get t ing : 

(K) P' jk (P-z)-k- l }  P ' q z  ; j-1 } : g (- l)k { d(K) 

0,<k~<nj_l-I 

As the  Poisson's  b racke t  of p with (p-z) -k-1 is zero ,  we find tha t  the  g r e a t e s t  

of (p-z) -1 in {p,q(K) j_l} is equal  to nj_ 1 • Then : 

j-2 
nj ..<sup {nj_ 1 + l ,  max (nk+J-k+l)} . 

k=0 

If it is supposed tha t  n k 4 m  k for k 4 j  - 1, then (3.6) impl ies  tha t  : 

nj ~<sup {mj_ 1 + 1, mj_ 2 + 3}. 

By looking a t  the  cases  when j is even,  or odd, we obtain tha t  nj 4 mj . • 

Le t  us deno te  now by r(zK) N the  symbol of the  r ema inde r  of the  pa r ame t r i x  

of (3.1) at  the  order N, i .e : 

O W, (K) N) = opW ( N  q(K) N) o (P-z) - pK (3.7) P t r z  ; j~0 z ; 

The composit ion formula wi th  precised remainder (B.I)  al lows us to derive a 
sharp est imate of r (K) 

z ; N "  
Let  us denote by d(z) the distance in C between z and the hal f -ax is  [ } ,+ oo[, where 
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y i s  such that  P >. Y > 0 (see 3.A). 

(3.8) Lemma 

p >,. 3/2 is the number at tached to (¢,(p) in (B.I). There exists N O > 0, depending 

only on p, such that  : 

for each integers N >.. i and K >..0, and each ~, [3e N n, there is a C - C(p,N,K,a,8) such 

that  we have the est imate on R 2n : 

la~ a s r (K) Izl °N+N0+IaI+[6[ K+I ~ ¢ 1 <  ( I s l  x z ; N I .<C d(z) -l ( ~ )  P (~) -N-  

f o r z ~ C \ [ 2  z , + ~ [ .  

Moreover the constant C depends only on a f in i te  number of semi-norms (1.2) 

of p in S(p ; ¢,~). 

Proof : 

It follows those oI [RO], [HE-RO 1], by using in addition the es t imates  in (B.I) 

about the remainder of order N-j in the composition : 

, (K) j) o (P-z)  ; opW tqz  ; 

for 0 .< j .< N. The number o* derivatives on q(K); i determines by (3./4) the number of 

powers of (p-z) -1 , which gives the power Of~d(z)  in (3.8). (B.I) yields that  the number 

of derivatives on q(K) is smaller than pN+N 0 where N O is independant of N. z ; j  

3.C : Functionnal calculus : complex powers. 

Under supplementary hypothesis (H 2) on (¢,cp), we are now able to study pS for 

s c C, by the Cauchy's formula : for a suitable path Fsurrounding the half-axis [ 2 X , +oo[, 

and for an integer K such that  Re s <K, we have : 
(3.9) pS i F zS-K pK = ~-~ o (P-z) -1 dz . 

P 

Let  : 

i F zS-K (K) (3a0) P s ; j : 2 - ~ _  % ; j  d z .  

F 

The Cauchy's formula and an argument of analy t ic  extension in the s var iable,  

give us that  Ps ; j does not depend on F or K. Moreover,  we have the classical formulas 

(and thanks to (3.5)) : 
s 

P s ; 0  ::' P P s ;  1 = 0 

S(S- l)...(s-k+ 1) 
P s ; j  : :Z 

2 .<k .<[3j/2] k : 
s-k djk P 

Moreover~ we have the fo l lowing est imates on the remainders : 
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(3.11) L e m m a  

We assume tha t  (H 2) is t rue  and we recal l  tha t  6 is such tha t  C p8 4 ¢~p(condition 

(S)). 

The re  ex is t  pos i t ive  in tegers  N l and N 2 > N O - cf  (3.8) - depending only of 

q%%p such tha t  for each  L,K : L <0 <K and each  N >~N 1 + K / S w e  have : 

N 
(i) s + pS-opW ( ~ Ps j) is holomorphic  in the  s t r ip  L ,< Re s ~< K, with values  

j=0 ; 

in the space  of t r a ce  class  opera to r s  on La(Rn). 

(if) There  is C = C(L,K,N) depending only on a f in i t e  number  of semi -norms  

of p, such tha t  : 

N 
~pS-opW (g Ps j)~Tr 4 C ( l + l l m  s lCN+N2 

j=0 ; 

in the str ip L ,<Re s 4 K ,  with p as in (B.t)  and (3.g). 

P r o o f  

With (3.7), (3.9) and (3.10), we get  : 

N i f ~  z s-K Op w o (P-z) - l  dz • _ r ( K )  pS opW ~ Ps = - -  
j :0  ; j 21[ z ; N 

Thanks to (3.8), we der ive  tha t  Op w r(zK) N is of t r a ce  class when pK(~0 )-N is bounded 
-N l 

by (~)q0) , for N I large enough. With (S), we have = 

pK .< (¢~)KI6. 

Then, we have (i). The point (iD, is deduced from the estimate (3.8) by a method hke 

that of [HE-RO t] the exponent of (l+IIm s I) derives from the exponent of d-L~-z) in (3.8). 

3.D • Funct ionna l  calculus : Mel l in  t rans fo rm 

For a funct ion f in the Schwar tz 's  space ~ (Rn), we may def ine f(P) as a pseudo- 

d i f f e ren t i a l  opera tor ,  the symbol of which is approx imed by 

N 
pf where : 

b0 ;J ' 

Pf ; 0 f(P) ; Pf , l = 0 

d~k f(k) 
Pf ; j  : ~  k.-b (P) 

2 ~<k 413 j /2 ]  

Here are es t imates for the remainder .  

(3.12) Proposi t ion 

Under the same assumptions than in (3.11), and w i th  the same constants N 1 and 
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N 2 ~ we have : 

For  e a c h  N 

of  s e m i - n o r m s  of p, such t h a t ,  w i th  K(N) :-- [6(N-Nt)]  : 

N 
(3.13) [ f(P) - Op w ( Z pf ;j)ll Tr 4 

j::0 

j+~o 0 N+I+N 2 
C{ x-K(N)-I/21(~ a x) fK(N)(~)I d~ + 

0 

>s N 1 , t h e r e  ex i s t s  C :- C(p,N) depending only on a f i n i t e  n u m b e r  

6N 
z If(k)(o)l} 

k=2 
3 ~k 

w h e r e  f3(X) = f~ )  - Z f(k)(0) ~ (Tay to r ' s  r em a inde r ) .  
k=0 

(3 .1# , )2_~  ~ f M[f](s)(pS_opW N Z Ps j) ds 
j=0 ; 

Re s = u  2 

Now, t h a n k s  to (3.11), we have  : 

P r o o f  

ff We d e n o t e  by M[f] = ~-s f00 , t h e  Mell in t r a n s f o r m  of f, which  is m e r o -  

morph ic  on C,  t h e  poles  o~0which  coTncide wi th  t he  pos i t ive  in t ege r s .  Thanks  to t h e  

Mell in inve r s ion  fo rmu la ,  we get ,  for  any o 1 < 0 : 

2 N 1 M[f](s)(pS-op w Z Ps ; (3.1@) f(P) - Op w Z Pf ; j - 2iII  j) ds 
j=0 Re s = O 1 j=0 

With ~2 -- K(N) + 1/2, and t he  C a u c h y ' s  f o r m u l a ,  we g e t  t h a t  (3.1#) is equal  to  

(3.1# ' )  : K(N) N ~ f(k)(0 ) 
Z ( p k - o p W  Z Pk j" 

k=0 j=0 ; 

P (pS-opW II ] MEf] (s) 
Re s = o 2 

All that  gives  (3.12) - see also [ H E - R O  1]. 

N 
g Ps ; j )  dsll Tr "< 

j=0 
0 N+N 2 

C f }MEf] (s)} ( l+{Im s ty  

R e  s = O) 

II 

d i m s  

3.E : A p p l i c a t i o n s  

(3.15) R e m a r k  

In t h e  s t a t e m e n t s  (3.11), (3.12), t he  hypo thes i s  (H 2) a l lows us to  ge t  t r a c e  no rm 

e s t i m a t e s  for  t h e  r e m a i n d e r s .  If we drop (H2) , we a re  s t i l l  ab le  to  e s t i m a t e  those  r e m a i n -  

ders  in t h e  sca le  of w e i g h t e d  Sobolev  spaces  H m - see  [BE]. ~,~ 
For  i n s t a n c e ,  if ~0 = I and 0(x,~) = (1+ I t  1) 2)1/2 , t hen  H m is t he  usual  Sobolev 

~,~ 
space  Hm(Rn) .  If m o r e o v e r ,  p is an e l t i p t m  symbol  of o rde r  m, t h e  m e t h o d  of p roof  

of (3.12) shows t h a t ,  for  e a c h  f ~ ~ ( R )  : 

f(p)  e n S(0 -k ; ~b,~0) ( r egu l a r i ze r )  
k e n  

We deduce  f rom t h a t ,  t h e  t h e o r e m  ( l . l )  of [KO-SU] name ly ,  the  ke rne l  

K(x,y), of f(P) is such t h a t  : 
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"~ N e N ,  ~ / ~ , 6 e N  n, 3C,  laC~ a13 Ktx,y)l~c(t+lx-yJ) -N on R2n : 
x y 

As a consequence of (3.12), we ge t ,  under the same  as sumpt ions  : 

(3.16) Coro l l a ry  

Let  [a,b] be an interval  such that p-l([a ,b])  is a compact set. Then, the spectrum 

of p contained in ]a,b[ is discrete. 

Proof  

As a consequence of the hypothesis and (3.i2), f(P) is compact for each f ~ C0(]a,bD. 

That  impl ies  (3.i6).  

(3.17) Coro l lary  (asymptotic expansion) 

We assume the same hypotheses than in (3.11) and (3.12) and moreover, that 

f e ~ ( R )  and is c o n s t a n t  in a ne ighborhood  of O. Then,  we have  the  fo l lowing a s y m p t o t i c  

expans ion  of Tr f ( tP)  when t + 0  : 
+ 

Tr f( tP)  ~ J]-f(tp) dx dE + 

~ 2  tk f [  djk f (k) ( tp)  dx dE 
Z 2  ~< j ,<k ,<3j/2 j j  k '. 

Proof  

Le t  f t  be the  func t ion  de f ined  by ft(X) = f(t;k). It is s u f f i c i e n t  to ev a l u a t e  the  behavior  

of 

N 
[ f t ( P )  - E Op W 

j=0 Pft ; j  I Tr 

when t ÷ 0  , thanks  to (3.12) : 
+ 

second term is zero. O 

[6(N-NI) ] - I /2 
in (3.13), the f i rst  term is a 0(t ) and the 

(3.18) R e m a r k s  

(i) There  ex i s t s  q > 0 such t h a t  for  all k,j : 

t k f f  f(k) djk (tp) dx dE = 0,t~J-~,,(/ t " ¢ ' 0 1  - 

(ii) i f  f has some derivat ives non-zero in X -- 0~ we st i l l  have an asymptot ic 

expansion wi th the extra- terms : 

E t k k 
k >~2 k~ Tr(Pk ~ Z Op W Pk ~) f(k)(0) 

~:0 

We have showed that the contr ibut ion for k:2 is zero and that the others are 

general ly non zero. 



104 

We can also derive a t race formula for short range Schr6dinger operators,  which 

may be compared with the results of [CVJ and [GU]. Let  V ~ C~°(R n) be the potential ,  

such that  there is s <-n and 0~]0 ,1 ]  : 

(3.19) 18~ V(x)l 4 %(l+Ixl) s-°l~l 
Let us consider quantic hamiltonians H 0 : - ~ and H = H0+V. For f ~ "~(R), constant 

in a neighborhood o£ zero~ we have : 

(3.20) Corollary 

For each t e R, f(tH)-f(t H 0) is trace class and when t + 0, we have the asymp- 

totics : 

Tr(f( tH)-f( t  H0)) ~ E t j-n/2 Cj(V,I) 
j > . l  

where, in particular : 

CI(V' f )  : (2II)-n Yn ( f  
R n 

C2(V'f) = (21T)-n Yn ½ ( fR  n 

C3(V'f) : -(2R)-n Yn g ( 
n 

V(x) dx) . ( J  (20) n/2-1 • 

R 

f'(o ) do) 

V2(x) dx) • ( |F  (20)n,2_ I t  . £ '(0) do) 

R 
1 J (20)n/2-1 f(3) (0) do V'(x)  + ~- [VV(x)[ ~ dx) ( 

R 

This s ta tement  could be derived from trace formulas in [CV], [GU], when V has 

a compact  support. Howerer,  this result seems new for potentials verifying (3.19) only 

- which ensures that V c LI(Rn). 

3 F Weyl's formula 

We prove here a uniform es t imate  of the remainder o£ Weyl's formula for an 

hypoelliptic operator P -- Op W p. We denote by N(X ; P) and V(X ; p) the corresponding 

counting and volume functions : 

N(X ; P) = # {j ~ N/)~j(P) .< ~} 

; p ) - - ( z r 0  -n / dxd~ . 
p 4 X  

(3.21) Theorem 

As in (3.12), we suppose that (HI) , (H2) , (W) et  (S) are verified for ~0, and p respec- 

tively. Then, for each 0 ~ ]0, # [, there exist C 1 , C 2 depending only on a finite number of 

semi-norms of p, such that,  for all k > 0 : 

(3.22) IN0, ; P)-V0, ; P)I ~< (2+C l X30-26) [~(a+xl-0 ; p) _ ~(~_) 1-O ; p)] + C2 " 

Proof 

We have : N(~ ; P) = Tr(l[0,~](P)), and, as in [TU-SU] and [140 2], we are 

going to regularize l[0~k ], Let  I(k,0) and g0,,0) be the intervals : 

I0,,0) = [},-),1-0/2, ~+~1-0/2 ] 
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J(x,e) = [x-x t - o ,  x+x 1-el. 

Let f)~,e and gk,9 be cut of f  functions such that : 

1 if p ~ I(~,O) and p < )~ 

f~,0(p) = { 
0 if p~I(~,O) and ~ > X ; 

o o  

g~,,O ~ CO (30~,0)) and g)~,O --I  on IOn,O) ; 

(3.23) ~/k e N, [(p 3p) k f~,0(l~)l+l(p ap) k gx,e(u)l < c  k x ke . 

Then~ we have : 

(3.24) IN~ ; P) - Tr fk,0(P)[ .< Tr li0,,0) (P) 

(3.25) Tr li(k,O) (P) ~< Tr g),,o(P) 

Now, the f i rst  term of Tr ix,9 (p) is f fx,o(p) ; ] f iX,0 (p) - V(X ; p)[ is smaller 

than V(g+X l-e ; p) - V(X4 l -e ; p) and so is the f i rst  term of Tr g~,e(P). 

The ~th term of Tr fx,e(P) is bounded by ~(30-26)j/2 (~(x+x l -e  ; p) _ ~(x_21-0 ; p)). 

As the term corresponding to j~l  is zero, the highest power of X is 30-26 (for 30-26 is 

negative ! ). Thanks to (3.12), we f ind that the remainder of order N for Tr f),,o(P) is a 

N(o8-6)+60 
0(X ), and so i t  is for Tr gx,e(P). 

Al l  that, joined to (3.2#), (3.25), give (3.22). II 

(3.26) Remarks 

If qb £0 , we can take o = 3/2 - see remark (B .2) -. Then, we have roughly the 

same assumptions that [TU-SU]~ and, thus~ we improve their result which corresponds 

t o 0  = 2, and we reach the same l im i t  than [HO 2] : 0 <26/3. 

However, under general hypothests (Hi)  , we have but 0 = 2, what allows us to 

reach 0 < 6/2. Nevertheless our est imate is more precise than that of [HO 2], which 

does not give the behavior in ~ of the coef f ic ient  mul t ip l icat ing (~(~+xl-0 ; p)_~(~_) l-0 ; p)). 

§ 4  : Proof  of  the  main t h e o r e m  (1.3) 

A In t roduct ion  

The matter  consists in proving that : 

(4.0) N+G ; A) :~,+& ; a) + 0(~ ¢ V 0t ; m)) 
- -  - -  + 

That wi l l  result f rom the two fol lowing propositions : 

(~.1) Propos i t ion  

N_+(X ; A) ~< V+(~ ; a) + 0(~ ~ V+(X ; m)) 
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L e t  us denote : 

N(X ; A) -- (N+ + N ) (~ ; A) (count ing func t ion  of the s ingular values of A) 

V(~ ; A) ~ (V+ + V ) ~ ; a) (vo lume func t ion  of ta[)  

(0.2) P ropos i t i on  

N(~ ; A) = V(X ; a) + 0(~ ¢ V(X ; m)) 

Indeed (#.2) gives  tha t  : 

V (2, ; a) = N ~ ; A) + 0~ ~ V(;~ ; m)) + N (~ ; A) - V 0, ; a) 
+ + 

With (#.1) for  (-), we g e t  : 

V+~ ; a) .<N+(~ ; A) + 0(~ ~ V~ ; m)), 

which,  wi th  (#.1) for  (+), g ives  (#.0) for (+). 

In o rde r  to prove (#.1) and (#.2), we f i r s t  need  the  two bas ic  l e m m a s  : 

(~.3) L e m m a  

For two func t ions  a ,b : R 2n + R ,  f o r q e  [0 , i ] ,  we have : 

V_+0, ; a+b) 4V+(n~, ; a) + V ± ( ( l m ) ~  ; b) . 

Indeed,  a+b >~ }, impl ies  tha t  a >~ n~ or b >p(lm)k • 

(O.0) L e m m a  

For two  c o m p a c t  s e l f - ad io in t  o p e r a t o r s  A,B, we have : 

N+(~ ; A+B) 4N+(qX ; A) + N_+((lm)~; B) 

It is deduced  f rom WeyI - Ky Fan inequa l i t i es  for pos i t ive  or n eg a t i v e  e igenva lues ,  

t h a t  we will prove  in the  annex  A - because  those  inequa l i t i e s  a re  s t a t e d  only for s ingular  

values  in [GO-KR].  

t¢B P r e l i m i n a r y  l e m m a s  for  we i g h t s  in t he  c lass  S(m ; ¢,q~) 

We reca l l  tha t  m ver i f ies  the p roper t ies  (W) , (N), and (T) for  i ts  vo lume func t ion  

- see § 1. 

(#.5) N o t a t i o n  

We d e n o t e  by a cap i t a l  l e t t e r  (M,B0,.. .) the  o p e r a t o r  t he  Weyl symbol  of  which 

is t he  co r r e spond ing  smal l  l e t t e r  (m,b, . . . )  : M : Op W m, B 0 = Op w b0,. . .  

(4.6) L e m m a  

There is m I e S(m(~cp) -1 ;¢ ,c¢)  such that ,  denot ing  m 0 _- m+m I , M 0 is pos i t i ve  

and i nve r t i b l e .  

Proof  

As m ~ S(m ; ¢;g0, then m - !  e S(m -1 ; ~,q~). Thanks to  (N), we have m "Y >1 K ¢% and 
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then, Op w m -1 is semi-bounded. Thus, there is tJ > 0, such that  opW(m- l+p)  is s t r i c t l y  posi- 

t ive.  Its inverse has i ts Weyl's symbol l ike m 0. 

(#.7) L e m m a  

Le t  be ~ >, 0 and d ~ S(m I+~ ; ~,~.). Then, with the  p a r a m e t e r s  X 0 , YI appear ing 

in condi t ion  (T) for m, we have  : 

), ~ ] 0 ~ 0 ] ,  N0, ; D) ,< C ( d ) ; ~  V(t ; m) with ~ = YI ~(1+~)-1 ' 

where  C(d) depends only on a f in i te  number  of semi-norms  of d in S(m 1+6 ; {,£0 ). 

(#.g) Convention 

means  that  C(d) is a polynomial  combina t ion  of s emi -no rms  sk(m 1+8 That  

with c o e f f i c i e n t s  depending only on m,¢),% 

; ~,qo) 

Proof  

As in (#.6), there is bl > 0 such that  o p W ( m - l - 6 + p ) I s  posit ive and inver t ib le.  Let  

L be i ts reverse. As (m -1-6 d) is  bounded l ike al l  i ts derivatives~ thanks to composi t ion 

and CalderBn-Vai l lancourt 's  theorems, we get that  L -1 o D is a bounded operator  of 

L2(R n) w i th  a norm Cl (d)  depending only on a f in i te  number of semi-norms of d. By 

min i -max pr inc ip le,  we have so : 

Xj(D ~) ~< Cl(d)  kj(L 2) ~ j  . 

There [o re  : 

NO, ; D) ~<Cl(d) N(~ ; L ) .  

Now, we deduce f rom theorem (3.21), the rough est imate : 

N(~ ; L) ~<C V(t ; mI+~).  

From consequence (T')  of condit ion (T), we draw : 

V(k ; ml+6) ~<C)T V(~ ; m) .  

The three last inequal i t ies yield (#.7). • 

Now, we are  going to adapt  Weyl's fo rmula  (3.21) to c o m p a c t  inver t ib le  opera tors .  

(#.9) Proposi t ion 

Let  b be a weight ver i fy ing (W) and (N) ; m par t icu lar ,  we have the est imate : 

(qb q))-I ~< K(b) bY 

and the re  is b I ~ S(b(~ go) - t  ; ~,~) such tha t  B 0 = OpW(b+bl ) is pos i t ive  and inver t ib le  - see  

(#.6). 

Then, wi th 0 0 = inf (~Z, u ~ )' we have for each 0 < e~< 0 0 andX ~< 1/2 : 



108 

IN(X ; B0)-v(x ; b)[ ~ (2+C l ;k 0) [V0~-)~ 1+0 ; b)-V0~+)~ l+0 ; b)]+C 2 

where  C 1 and C 2 depend only on K(b) and a f i n i t e  number  of  semi -no rms  of b and b 1 

- see  (#.8). 

Le t  us r e m a r k  t h a t  if, m o r e o v e r ,  V(. ; b) ve r i f i e s  cond i t i on  (T), we should have  : 

V(X-X l+o ; b) - V(;~+)~ l+o ; b) < C  )0 V()~ ; b) .  

P r o o l  

In o rder  to  l ink (#.9) and (3.21), we d e n o t e  : 

P0 -- B01 ; p = b - I  " 

Then,  for  j ~>1, t h e r e  is pj ~ S(p(~ q0) -j ; qb, £0) such t h a t  for  e ach  N >~1 : 

N 
- + Z pj) = Op w r N wi th  r N ~ S(p((~q0) -N- I  P0 OpW(p j=l  ; do, ¢p) 

and e a c h  s e m i - n o r m  ol  a pj depend  only on a f i n i t e  n u m b e r  of s e m i - n o r m s  o t b  and 

b I - i t  is t h e  m e r e  c o n s t r u c t i o n  of a p a r a m e t r i x  Ior  B 0. 

Thus,  we a re  in a s l igh t ly  m o r e  gene ra l  s i t u a t i o n  t han  in §3 : t he  symbol  of P0 

is w r i t t e n  as an a s y m p t o t i c  expans ion  ( just  l ike c l a s s i ca l  symbols) .  N e v e r t h e l e s s ,  t he  

whole  r e s u l t s  may be a d a p t e d ,  by s t a r t i n g  f rom ; 

(K) : (p_z)-I  [p(jK) j - I  j - E E E F(c~,6) (3~ D B p~) (~ D c~ q(K) k) 
qz ; j  k:O ~=0 Io~+6]=j-k-.~ x x z ; 

i n s t ead  of (3.3) (with P0 = p) 

Then,  i n s t ead  of (3.22), we a r r ive  to : 

[R(x ; p0 ) - v(X,p)[ 4 ( 2 . C  1 X0-6)[V(~.),I-0 ~ p)-~(x-xl-e ; p)]+C 2 

w i t h  C 1 and C 2 depending only on a f i n i t e  number  of  semi -no rms  of  p ,p t , . . . , pN ,  where  

N is a f i xed  in teger .  Now,  l e t  us r emark  tha t ,  fo r  0 4 00 , ),8-6 may be rep laced  by ) -0  , 

and tha t ,  fo r  any f i xed  cons tan t  c > 0, V(k+k 1-0 ; p) - V('  X '1-0 ; p) may be rep laced  by 
~(X+c2, i - e  ; p) _ V(X-ck 1-0 ; p). 

On the o ther  hand, we have, for  la = k -1 : 

N(~ ; a O) = R(X ; PO ) ; V(p ; b) : V(X ; p) 
and 

V0, -+ cA 1-0 ; P) = V(p(l+-cp0) -I  ; b) 

We choose  c=20-1 , and we have  (l+clag) -1 > 1-10 

(1-Cla0) -1 < l+k 0. 

F r o m  all t h a t ,  we deduce  (4.9). a 

Las t ly ,  he re  is a r e su l t  looking like G a r d i n g ' s  inequa l i ty ,  It cons i s t s  of a r e l a t i o n  

b e t w e e n  symbols  pos i t i v i ty  and o p e r a t o r s  pos i t iv i ty  ( t h a t  r e l a t i o n  is no t  s y s t e m a t i c  as 
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i t  is in an t i -w i ck  quant iza t ion  - see [TU-SU]). 

(# . I0)  L e m m a  

Le t  b • S(m ; (b,~0) be a posi t ive symbol.  Le t  be e > O. Then, there is 

d e ~ S(m(~ cO) -1 ; ¢,fl0) such tha t  : 

0 < B + e M + D  
e (b+ em) 1/2. and each semi -norm of d e depends only on a f i n i te  number of  semi-norms of  

Proo f  : 

c := (b+em) 1/2 ~ S(m i/2 ; ¢,q0). There is d e eS(m(¢  q~) -1 ; d~,fi0) such tha t  : 

OpW(c ~) + Op w d e-~ (Op w c) 2 .  

As (Op w c) ~ is a posi t ive operatoG we get (#.lO). 

#.C Proo f  of propos i t ion  (4.1) 

We shall denote by C var ious constants,  independent of invo lved parameters  

(~,e,D...) ; and Cj(e) for  j=0,1,. . . ,  w i l l  be pos i t ive numbers depending only  on e and admi t t i ng  
- l  a po lynomia l  ma jo r i za t i on  w i th  respect  to £ . 

Here is the proof  of  (4.1) for (+) sign. 

Le t  x b e  a C °O funct ion on R~ X(~) = 0 i f  )~ < i  and X(X) -- I i f  ~, >2. 

For ¢ >0, we denote,  a e = a x(a/em) + emi l  - x(a/em)] • 

We then have the obvious fo l l ow ing  proper t ies  : 

(#.11) a e ~ S(m ; ¢@) 

(#.12) a e ~ em 

(#.13) a e co]'ncides w i th  a in the region {a >~2 em} 

(#. I#)  a .<a e + em • 

Thanks to lemma (#.10), (4.1#) gives tha t  there is d l ,  e e S(m(¢ q))-t ; ¢,q~) such that  : 

A~<A e + 2 eM + Dr ,  e ,  

With l emmas  (4.6) and (4.10), (4.12) gives  tha t  the re  is d2, e ~  S(m(~qD) "1 ; 0~,c 0) 

such tha t  : 

e M 0 / 2 , < A  e +  D2, e • 

Le b E be the summ : a s + d2, e. 

d e = d l ,  e - d2, e we then get  : 

(# .15)  A . , ~ B  e + 2 eM + D e -  

As M 0 is pos i t ive and inver t ib le ,  so i t  is for Be. With 

We are going to es t imate  N + for each of the summands : at  f i rs t  the er ror  terms 

2 cM + D¢ and secondly the pr inc ipal  te rm Be ; then we w i l l  end the proof .  
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S t e p  1 : E r ro r  t e r m s  

(i) 2 EM : P ropos i t i on  (4.9) y ie lds  t he  rough e s t i m a t e  : 

N (~ ; 2 EM) ~<C V(~ ; 2 ¢m) 
+ 

wi th  i nequa l i t y  (T')  de r ived  f rom cond i t i on  (T), we ge t  : 

V(X ; 2 ¢m) -- VO,/2E; m) ~<(2 ¢) YI VO, ; m) . 

So, we have  : 

(#.16) N+(X ; 2 EM) ~<C e YI V(X ; m).  

(ii) D e : as d E ~ S(m I+Y ; ¢,~), we draw f rom l e m m a  (#.7) : 

(#.17) N(~ ; D E) 4C0(E)  ~ V(~ ; m) t > 0 

for  e a c h  s e m i - n o r m  of d e is m a j o r i z e d  by a po lynomia l  f unc t i on  of ¢ -1.  

0i i )  2 EM + D e : w i th  l e m m a  (4.3) for  n = 1/2, (4.16) and (6 . t7)  give us : 

NO, ; 2 EM + DE ) ~< C(~YI + ~ C0(E)) V(~/2 ; m) 

and, with the help of inequality (T') 

(#.Ig) NO, ; 2 ¢M + D E) ~<C(E YI + ~Tc0(e)) V(~ ; m) . 

Step 2 : P r i n c i p a l  t e r m  

(i) B is pos i t i ve  and i n v e r t i b l e ,  w i t h  " ma in  symbo l  " a • As a v e r i f i e s  (W) 
E C C 

and (N) thanks to  (4. I I )  and (4.12), p ropos l t i on  (#.9) y ie lds  : 

(4.19) N+(;~ ; B e ) ~<V(~ ; a E) + (2 + El(e)~@) [V(~-~ I+8 ; a )  - V(~+~ I+0 ; a¢] + C2(E) • 

As the s e m i - n o r m s  o f  a E depends on E - I  on a p o l y n o m i a l  way ,  so i t  is fo r  C I (E )  and 

C2(e). 

(ii) We a re  go ing  to  show how VO` ; a )  is c lose  t o  V+(>. ; a). 

(#.20) L e m m a  

Y0 -- min(Yl/2'I/2)" 3(2 >0, VX < ~0 ' Vc~]0,1/2[ : 

[V(;~ ; a¢) - V+(X ; a) I 4 C E ~0 v(~ ; m) 

Proof 

( l )  M a j o r i z a t i o n  o f  V(~ ; a ). We have : 

+f 
a e > X " a  > Sup(X,2em) ~ ( a  c > X) n (a <2era )  

I 1 12 

Now : I  1 4V+0,  ; a) and 12 ..< V(~ ; 2em) .,<C Y I  V(~ ; m) by (4 .16) .  

T h e r e f o r e  : 

V(~ ; a).<V+(~ ; a) + C YI V~ ; m) . 



111 

(2) Minorat ion of V(X ; a¢ ). Thanks to (4.t4) we have : 

V(a¢ ; X) >sV+O, ; a - ¢m) . 

Thanks to lemma (4.3), we have :{or ~ [0~I] : 

V+(~ ; a -  cm) }V+(  ~-" a) - V+( l 

For  rl such t h a t  t - q =  e l / 2  and t h a n k s  to (T') we ge t  : 

}, # 2  V+(~ a) } ( 1  c 1/2) V + ( ~ ;  a) >s ; -Y2 V0, ; a) 

eYI/2 V+( I__~_ ;~ ; era)~< V(X ; m).  

So, we o b t a i n  the w a n t e d  m ino r a t i on .  • 

(4.19) 

(4.2D 

(iii) C o n c l u s m n  about B . e 
and (4.20) give us : 

N+(~ ; B e ) .<V+'X ; a) + C2(e) + C [ I + C I ( e ) ~ e ]  [ Z 0  V0, ; m)+V+(,k-X l+e ; a)-V+(X+X l+e ; a)].  

The  cond i t ion  (T) a b o u t  V+0, ; a) and the  m a j o r i z a t i o n  a ,~ C~m al low us to  deduce  : 

N+(X ; B e ) ,<V+(g ; a) + C[ t+Cl ( e ) } ,  @] (¢~0 + ~@) V(k ; m) + C2(¢) .  

S t e p  3 : End of  t h e  p roof  

(4.15) g ives  us : 

N+(~ ; A) .~N+C~ ; B e + 2 eM + D e ) 

and wi th  l e m m a  (4.4) : 

N+(X ; A) ,<N+((l-n)7 ; B e ) + N+(q~ ; 2 eM + D e ) . 

We t a k e n  = ~ ,  c~ >0 ; t hen  (4.18) and (T') give : 

N+(qX ; 2 eM + D e ) 4 C ( Z  1 + X~:e~x C0(¢)) a-aY2 

We then  choose  

(4.21) : 

N+~ ; A) 

V(~ ; m) .  

c~ such t h a t  Yt - ~ Y2 E Y3 > 0. So, we ge t  f r o m  the  las t  i nequa l i t i e s  and 

4 v+(A ; a) + c ( c  ~° + c ~3 + c ltc) ~o + c3(c ) ~,% v(x ; m) + c 2 ( e ) .  

Then, 

Thus,  

Now, t h e  inequa l i ty  K m Y >4(~q0) -1 impl ies  t h a t  t h e r e  is some  T' > 0  such  t h a t  

VO~ ; m) z> C }-~c' (wi th  C > O) 

T h e r e f o r e ,  wi th  to : inf(e,T,q: ') ,  C/4 : C 1 ~ C 2 + C 3 and Y4 = inf (X0,'(3), we g e t :  

N+(X ; A) • V+(;~ ; a) + C(Z 4 + C4(¢) X% V(X ; m). 

Now, t h e r e  is :some pos i t ive  i n t ege r  N such t h a t  C4(¢) ..< ¢-N for  ¢ < 0 smal l  enough.  

we choose  : 

¢ = )B  with B - m 
Y4+N 

we get the propos i t ion  (4.1) with ¢ = Y4 g. 
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O.D P r o o f  o I  p r o p o s i t i o n  (~t.2) 

In v i e w  of  (4.1) ,  i t  r e m a i n s  to  be  p r o v e d ;  

(4.22) VOt ; a) ~<'NO~ ; A) + O(X ¢ VO, ; m) ) .  

S t e p  1 : R e d u c t i o n  t o  t h e  c a s e  w h e n  a is  p o s i t i v e  

L e t  us  a d m i t  t h a t  (# .22)  is t r u e  fo r  a ~ 0. T h e n ,  fo r  a n y  s y m b o l  a e S(m ; ¢,q0), 

a 2 is  p o s i t i v e  a n d  b e l o n g s  to  S (m 2 ; ¢,~). We g e t  f r o m  (#.22)  : 

(4 .23)  V~ ; a 2) < N(X ; O p  w a 2) + O(X ¢' V(X ; m2)).  

N o w  t h e r e  is d ~ S(m2(qb q0) -1 ; ~,~) s u c h  t h a t  : 

Op  w a 2 - A 2 = Op w d .  

T h a n k s  to  l e m m a s  (#.#) a n d  (#.7) ,  we  d e d u c e  f r o m  (#.23)  t h a t ,  by p o s s i b l y  d e c r e a s i n g  

(4 .24)  V0, ; a 2) 4 N ( ~  ; A 2) + O0, ¢'  V(~ ; m 2 ) ) .  

As  N(~ ; A 2) NO, 112 V0,112 :-- ; A) and V(~ ; a 2) = ; a), we deduce (t~.22) f rom (#.2#) 

wi th ~ = 2 ¢'. 

Step 2 : Proof  of  (4.22) in the case when a is posi t ive 

Let  a be a + Em.  Thanks to lemmas (4.6) and (4.10) we obtain that  there is 
E 

d C ~ S(m(~ q0)-! qb,q~ such that  : 

+ D >/ ~M0/2  B E - A E ~ 

We a p p l y  to  B e w i t h  m a i n  s y m b o l  a e , t h e  p r o p o s i t i o n  (4.9) and  we  g e t  ; 

(4 .25)  V0, ; a E) 4 N ( t  ; B e ) + ( l + C l ( e ) t  0) (V( t - t  1+0 ; a E) - V(t+t  1+0 ; aE)) + C2(E). 

Thanks to lemma (4.3) and the condi t ion (T) for V(.,a), we obtain a simi lar state- 

ment to (4.20). A t  last , 

(4 .26)  NO, ; B E ) ~<N(l-n)~ ; A) + N ( n ~ ;  eM ÷ D E ) . 

We u s e  (4 .26)  fo r  q = e c~ w i t h  a s u i t a b l e  a > 0 a n d  w e  t r a n s f e r  t h e  o b t a i n e d  e s t i m a -  

t e  to  (4 .25)  ; w e  t h e n  g e t  (4 .2)  l ike  (4.1) .  I 

(4.27) Remark 

For the minorat ion of N (~ ) i t  is possible to reduce to the case when a is posi t ive 

and to approx imate a everywhere by an e l l ip t i c  regular izat ion (and to get (4.26)). That 

would be impossible for N+(X) alone when a is not of constant sign (a in #.C is far f rom 
E 

a when a is negative).  
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Annex A : Weyl-Ky Fan inequalities 

In order to prove these inequalities, we start  giving a Ky Fan's  type caracter izat ion 

for the eigenvalues of a compact self-adjoint operator T in a Hilbert space H. We will 

deduce Weyl's inequalities for eigenvalues, then for counting functions N+(;0. 
+ 

With the same convention as in §l about the eigenvalues ~ - ( T )  of T, we state:.  ; 
(A.I) Proposition 

X+ (T) = Inf K,S I T-K-S II ] 
where the inf is computed for al l  se l f -ad jo in t  operators K of rank <j ,  and for al l  compact  

non posit ive operators S. 

X; (T) -- -InfK,sl I T-K-SII ,  

w i th  S non negat ive.  

[GO-KR]  give the corresponding s ta tement  for singular values : sj(T) : I n f K H T - K I ,  

w i th  K of rank <j .  

Proof 

We study the (+) sign. We denote by (q~k), (¢#k) an or thonormal  eigenfunct ions basis 

of H, associated to the (Zk) , 0,k). 

(i) As : T )~ + ~k O £0 k + 
k.>l xk k.>l 

by taking : j-I 
: + + + , : < K ~ X k 9 k C) go k S S 

k=l k~>l 

we have suitable K and S, and we get : [IT-K-Sll : xt.; So, x~, InfK, s I IT-K-SlI. 

(ii) I f  j is such that  q~ does not exist (if the posi t ive par t  of T is of rank < j), 

we have ln fK,  S IT-K-S1] : 0, and thus InfK, S IIT-K-Sll : x?~= 0. 
J 

If £0~ exists, let  K and S be sel f -adjo int  operators • K of rank < j and S negative. 

And let  u / 0  be orthogonal to Rg(K) in the space wi th  the basis q~ ,..., q)~. We have "- 

II(T-K-S)uII ~, <(T-S-K)u,u> 

~. <Tu,u> for <Ku,u> ~ 0 and <-Su,u> >s 0 
J 

=k=lZ x k+<u,~> 2 ~x211ull 2 j  
+ 

Therefore I T-K-SII >xj • 

(A.2) Corollary 
~ +  + + • 

j+k+l (TI+T2) ~) ' j+l  (TI) + Xk+l (T2) 

Proof 

Let KI,K2,SI,S 2 be self-adjoint operators sucht that,  rank(K 1) ~< j, 

rank(K 2) ~< k, S1, S 2 ,< 0, and : 
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~T I - K I - Sl i t  = ~+ _ _ = + j+ l  ( T 1 ) ; I I T 2  K2 S21l Xk+l  (T2)"  
As, r a n k ( K t + K  2) ~<j + k and S 1 + S 2 < 0 ,  we get  (A.2).  • 

In o rder  to  prove l e m m a  (4.4), i t  remains  to s ta te  : 

(A.3) P ropos i t ion  

L e t  (Un) , (Vn), (w n) be t h r e e  dec rea s ing  s e q u e n c e s  oI pos i t ive  numbers ,  t end ing  

to  ze ro .  We d e n o t e  : 

N(~ ; u) = # {n >~1 / u n >~ ~}, and the  s a m e  for v,w. 

Then (i) impl ies  (ii) : 

(i) j,k<-N : Uj+k~ 1 4 v j .  1 + Wk+ l 

(ii) ~ < O, q [0,I] ,  N(~ ; u) ~< N(~q ; v) + N((I-q)) ,  ; w) 

Indeed,  (i) is equ iva len t  to (ii). 

P roo [  

L e t  ), > 0 and q ~ [O,i] be  real  numbers .  

a) if v I < q}, and w I < (14q)},, then  : 

u I 4 v  i + w I < ),. 
Thus N(~ ; u) : 0 and the  inequal i ty  (ii) is t rue  for ~,q. 

cause  

b) I I  not ,  l e t  us suppose tha t  v I >/ ~1;~. Le t  j be the in teger  such tha t  : u j + l < } , 4 u  j 

(K j does not  ex is t ,  N(A ~ u) :~ 0, and (i i)  is t rue) .  We have : N(~ ; u) = j .  

b l )  i f  vj >~ q ~,, then N(q 7 ; v) >,j and (i i)  is t r ue .  

b2) i f  no t  : vj  < q ~ .  Le t  k < j  be the in teger  such tha t  Vk+ 1 < TI~ ~< v k (k ex is ts  be- 

v I >t Xq) .  We have : N(rl;~ ; v) -- k. 

Now,  thanks to (i) : 

uj (Vk+ l + wj_ k 

As uj >~ 2~ and Vk+ 1 < X q ,  we g e t  : 

wj_ k >,Ml-n). 

So : N((i-~q);~ ; w )  >, j -k .  

T h e r e f o r e  : 

N~ ; u) = j = k + (j-k) ~<N(n~ ; v) + N( ( lm)  ;~ ; w). • 

In order  to  deduce l e m m a  (4.4), we apply  (A.3) to the sequences u = (},~ (A+B)), 

v = (~7 (A)), w = (~7 (B)), in basing our a rgumen t  on co ro l l a r y  (A.2) to  have (i). 

[B] -SO 2] g ives w i t h o u t  p roo f  the s t a t e m e n t  cor respond ing  to  l e m m a  (4.4) for  

the s ingular  values. 
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Annexe  B : Compos i t ion  fo rmula  with p rec i sed  r ema inde r  

Le t  (¢,¢p) be weight  funct ions  ver i fy ing  (HI). Let ,  for i : 1,2, m be (¢A0)-temperate 

weights  and a i ~ S(m i ; ¢,~). It is welt known tha t  the  ope ra to r  (O~p w a 1) o (Op w a 2) 

admi t  a Weyl 's  symbol a g iven by : 

i Dy,Dn)} a l ( z , 0  a2(Y,n) [ z:y: :x (g.0) a(x,~) : exp { ~ O(Dz,D ¢ ; 

where o is the symplectic form : 

O(z~¢; y,r l )= <g,y> - <z,r~>. 

With the help of Taylor's formula, we determine the principal part a N of (B.0) 
at the order N~ for each integer N : 

N i 
aN(x'~) :: j :0  Z J'~ (~" °(Dz'D¢ Dy'Drl))J a l ( z ' O  a2(Y'rl) I z : :y:x 

[ ~:n--g 
and the remainder r N at the order N : 

rN(a l ,a  2 ; x,~) : a(x,~) - aN(x,~). 

The aim of this annex is to s t a t e  : 

(BI) Proposit ion : universal  e s t i m a t e  of the remainder .  

There  ex i s t  o >~ 3/2, o '  >1 3/2 depending only on (¢~¢9) such tha t  for each  N >~ 1 

and q >~0, the re  is y : y(N~q,n) and j(n) such tha t  for all (x,~) ~ R 2n : 

Z ]a~ a 13 r N (al ,a 2) (x,C.)[ 4 
I ~ l + l s l ~ q  x 

y(q,N,n) (~sk (a  I ; ml)  s~(a 2 ; m2)) ml(x,~) m2(x,~) (gb~) -N (x,~) 
N<k<oN + M 2 + j(n) + q 

N<~<0'N + M 1 + j(n) + q + M 

where  M I is the exponent  a t t r ibu ted  to m I in the  def in i t ion  (1.1/2) of a t e m p e r a t e  weighty 

and M depends only on ~,%M 1 and M 2. 

{B.2) R e m a r k s  

(1) 

0 = 2 .  

(2) 
(3) 

(H ' I )  { 

Under  our hypothesis  (HI) , we will  show in the  proof tha t  we may take  

If, moreove r ,  ~ : % then we may take  0 :: 3/2. 

We c o n j e c t u r e  tha t  (B.1) is stil l  t rue  with the  re laxed  hypothesis  (H' 1) : 

Cg0 >, 1 on R 2n 

¢ and ~o are ((~Ao)-temperate 

Proof 

give : 

The inversion Four i e r ' s  formula ,  and the  Taylor ' s  fo rmula  with in tegra l  r emainder ,  
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, j i  
( t - t )  N-I  rN , t ( a l , a  2 ; x,~) dt (g.3) rN(a l , a  2 ; x,() ~ ,  0 

with rN, t de i ined  by : 

(B.#) rN,t(at ,a2,x,~) = J e  t ~ o(z,g ; y¢]) o(~,~ ; ~,~.)N el .(zx~(+~x*~() & t ( 7 ~ & 2 ( ~  ) ~er~d,y~4~q ~ 

where & denotes  the to ta l  Four ie r ' s  t r ans form o~ a~ andM'z : (2I[) -n dz ,  

Thanks to the wel l -known resul t  about  Four ie r ' s  t r ans form oi gaussian Iunc t ions  : 

t ~ ~  i i ~ o(z,~ ; ~ , b  - ~ o(z,~ ; y,n) 
~'~ (e ) (z,¢ ; y,n) : ( ~ - ) 2 n  e 

and thanks to P lanchere l ' s  theorem,  (B.4) yields for t / 0 : 

(B.5) rN , t ( a l , a  2 ; x,~) = 

~ - o ( z , ¢  ; y ,n)~N(Dz,D~ ; Dy'Dn) (al(Z+X'~+~)a2 (y+x'n+~)) dzdCgydn (21It) -2n r e -  i 

We obviously have : 

rN,0(a t , a  2 ; x,~) = cfN(Dz,D~ ; Dy,D n) a t (z ,O . a2(Y,n) j z=y=x 

We are going to study the expression (B.5) of rN, t ~ by a classical  method consis t ing in 
o o  

isolat ing the c r i t i ca l  point  0 of the phase. Let X e C O (]-2,2[) be a cu t  of i  ~unction,  

× = 1 on [- i~l] .  Let  be E > 0 be a small  pa rame te r .  We denote  : 

b(z,¢,y,r] ; x,~) : aN(Dz,Dg ; Dy,Dq)(al(z+x,~+{).a2(Y+X~q+{)) also denoted aN(al ,a2  ) 

b t ( z , ( , y , r l  ; x , ~ )  = X( ly l=~lzl~ In I=+1¢1 ~ ) b (z ,g ,y , r l  ; x , ( )  a n d  b 2 = b - b  I .  
~ ~2(x,g) + E ~ ~ ( x , ~ )  

We are going to e s t i m a t e  the con t r ibu t ion  of b I to (B.5) - l emma  (B.6) - and then 

the con t r ibu t ion  of b 2 - l emma  (B.7). By in tegra t ing  in t ~ [0,1], we shall get  (B.1). 

(B.6) L e m m a  

For ¢ > 0 small  enough~ there  exis ts  yt(N~n) > 0 and J l ( n ) ~  N such tha t  £or all 

a i ~ S(m i ; (~,q0)~ t ~ ]0,1] and (x~) ~ R 2n : 

i 

j t  -2N ; e-  ~-~- a(z,~ ; y,q) bi(z'~'Y'r~ ; x,~) dz d~ dy dQ l 

t -2n/ (2n+l)  Tl(N,n ) ( ~ sk(a I ;ml ) s t (a  2 ;m2)) ml(x,~) m2(x,~) . (~ q0) -N (x,~) , 
N~k~<N+Jl(n) 

N <~g~N+Jl(n) 

Proof 

In b I support ,  we have, thanks to the (~,£0)-continuity " 
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¢-l(x+z,~+¢) <¢- l (x ,~)  and ¢-l(x+y,~+r/) <¢- l (x ,{ )  

-1 
and so it is for (9 , m I and m 2. 

We cu t  out  again b I support  to cont ro l  the behavior  with r e spec t  to t : b t : b' 1 + b" 1 

with b' 1 near  to the c r i t i ca l  point and b" :[ar I rom the c r i t i ca l  point.  Prec ise ly ,  with 1 
c 0 : l / (2n+l) ,  we de l ine  : 

b ' l(Z,g,y,q ; x,~) = X( Izl'+lct~+lyl'+lnl'l-~ ) bl(Z'g'Y'n ; x,~) and b" 1 
0 t 

The vo lume of b' support  is a 0(t 2n(l-E0))  That  ~act al lows us 
1 

con t r i bu t i on .  

We e s t i m a t e  b" 1 

di:[[erential  opera to r  : 

= b I - b' 1 • 

to  e s t i m a t e  b' i 

con t r i bu t i on  by i n teg ra t i on  by par ts  2n(2n+ l ) - t imes  w i th  the 

2 i t  8 ~ 3 
L = izl2+l¢l~+lyl~+lnl ~- (¢. ~ - n  . T £ +  y "TT- z . T ~ ) .  

Indeed, we observe tha t  each i n teg ra t i on  w i th  L a l lows a gain of t ~0 , and tha t  the 
)2n 

vo lume o:[ b" l suppor t  is a 0((¢ q0 (x,~)). By deve lopp ing  the compos i t i on  fo rmu la  up 

to N+2n+ l ,  we ge t  the wan ted  e s t i m a t e  about  r N ~ which is g iven by : 

N+2n+l  

r N : ~: aj + rN+2n+ l  . 
j :N+ 1 

( B . 7 )  L e m m a  

There ex is ts  Y2(N,n) > 0 and J2(n) ~ N,  such tha t  :[or a l l  a i ~- S(m i ; d~,q~), t ~ ]0~1] 
and (x~)  ~ R 2n : 

i 
f ~ -  o{z,¢ ; y,r/) I t  -2n e-  • b2(z,~,y,n ; x,~) dz d~ dy ctr/l~< 

Y2(N,n) ( ~ .  
N~<2N+M 2 + J2(n) 

N~f<..2N+M 1 + J2(n) 

sk(a I ; m 1) s~(a 2 ; m2)) ml(x,~) m2(x,~) (¢ cp) -N {x,~) . 

Proof  

On b 2 support ,  we have  

bl~+lzl  ~ tq~+I~lt ~ 
m2(x,~) + ¢2(x,~ ) ~ , 

We d iv ide  tha t  reg ion in to  th ree  zones Z I ,Z2 ,Z  3 def ined by : 

z ~ ~ lyl ~ Inl ~ Z 1 : + 4 ~-- and + ~(x,~) ¢~(x,~) 2- 

¢~(x,~) ~ T m'(x,~) ~ (x,~) 2 
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Z3 : opt(x,() + > /~-  q02(x,~) + (~Z(x,~) > /2-  

We deduce from that part i t ion, a breaking up of b 2 into three parts, b~ j) , the 

support of which being dose to Z. Ior j=I,2,3. 

At f irs t  we are  going to study b in l emma  (g.g). We note  tha t  b ) is like b i )  

At last ,  we will study b~ 3) in l e m m a  (B.10). 

(B.g) L e m m a  

For all a i ~ S(m i ; ¢,~), for all t ~ [0,t] ,  (x,~) ~ R 2n, we have : 

i 

I t - 2 n J  e~ ~ O ( Z , (  ; y,rl) bSl)(z,(,y,q ; x,~) dz dC dy drll ~< 

y(N,n) ~+ sk(a I ; m l  ) sN(a 2 ; m2 ) ml(x,g ) m2(x,g ) (0 {p)-N (x,~ . 
N<.k.<2N M2+J(n) 

P r o o f  : 

We in teg ra t e  by parts  with the help of opera tor  L 1 : 

2it ~ 

Its acts  on a t (x+z,(+O.  The condi t ion  about  (z,O which is imposed in the zone Z l , implies  

tha t  L 1 allows a gain consis t ing of 

t ( t  + t Yl ~ ,'(x,~)+ tnl 2 ~'(x,O)- 1/2 

or ." 

t(qb ~0)-l(x,() (thanks to condition about (y,q)). 

We integrate (2n+l)-t imes to obtain the convergence of the integral with respect 

to (y,q) ; then we again integrate N-t imes to gain (~ ~p)-N (x,(). Here, we use the bounded- 

ness of ¢-I and q0 -1 on R 2n, in order to est imate o N(a l ,a2  ) - hypothesis (H 1 ) - • Thus 

we get (g.g). 

(B.10) Lenrll~a 

There  exis ts  M 0 depending only on ¢ and (p, and y(n,N) such tha t  : 

e i o(z,~ 
I t  -~'n - ~ -  ; Y'q) b~3)(z,~,y,r~ ; x,~) dz d~ dy dq I ~< 

y(N,n) E sk(a I ; m l  ) @a 2 ; m2 ) rot(x,(  ) m2(x,( ) (¢q~)-N (x,() .  
N.<k.<2N + M2+2n + l 

N~<~<(M0+I)N + M0(M2+2n+I) + M l + 2n + 1 

Prool  

zone Z3, we do use tha t  ~-1 and £0 -1 are  (1~I) t empera t e .  So, it  exists  C~ Mo>O In tha t  
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such t h a t  : 
M o 

¢i(x+z,¢+¢) .<¢I(x,¢)(*+Izl+I¢l) 

M 0 
qb-l(x+z,¢+¢) ~<0 -1 ( x ,¢ ) (~+ l z l ~ l ¢ l )  

Thus, each i n t e g r a t i o n  w i t h  the above  o p e r a t o r  L l 

o l  : 
M 0 

t ( l + l y l  2 ,'(x,~;) + Inl ~ epZ(x,()) - i / 2  ( l + l z l + l ¢ l )  
o r  : 

MO/2 
t(, ~o) -~ (x,O (l+lzl+l¢l) 

- (B.9) - a l lows a gain cons i s t ing  

Thus we i n t e g r a t e  by p a r t s  (N+M2+2n+ l ) - t imes  wi th  the  help of L I. 

a loss wi th  r e s p e c t  to  (z,¢) va r i ab l e .  To o v e r c o m e  t h a t ,  we i n t e g r a t e  

[M0(N+M2+2n+I)  + M l + 2n + l] - U m e s  

wi th  the  help ol  o p e r a t o r  L 2 • 

2i t  (z a 
L 2 = ~ ~ - -  ¢ ~ )  • 

Indeed,  t h a n k s  to (HI)  , L 2 a l lows a gain on Z 3 

Thus we ge t  (B.10). 

But  we have 

cons i s t ing  of (I+ lz  12÷ I¢ 12) -I/2. 

P r o o f  o f  r e m a r k  (B.212) 

Now,  we suppose m o r e o v e r  t ha t  (b = q0. We read aga in  (B.8) and (B.10) proofs .  

N 

L e m m a  (B.$) : as oN(a l , a2  ) is m a j o r i z e d  by ¥ m 2 sN(a 2 ; m2)[m I sN(a I ; ml)(d0 9) 2 ] 

[N/2]+2n+2 i n t e g r a t i o n s  by p a r t s  wi th  L I a re  enough.  So, in the  e s t i m a t e  (5.8),  we have  

N .< k ..< 3 N / 2  + M 2 + j(n). 

L e m m a  (B.10) : here ,  we have the  m a j o r i z a t i o n  : 

]oN(at,a2)(z,r,,y,n ; x,~)i ~< Ym2.sN(a 2 ; m 2) • 

[ m l . s N ( a  I ; m I)  (gb ~0) - N / 2  ( x , 0  (i+Izl+l¢l) M° N 3 
Thus, we i n t e g r a t e  ( iN /2 ]  + M 2 + 2n + 2 ) - t imes  w i t h  L l to  have  a su i t ab le  behav io r  

w i t h  respec t  to  (y,q) va r i ab les ,  and • 

M0 ( [3N /2 ]  + M 2 + 2n + 2) + M I + 2n + I - t imes  

w i t h  L 2 fo r  the behav io r  in (z ,¢)  va r iab les .  Thus, in the e s t i m a t e  (B.10),  we may  sum 

o n  : 

N ~ k  ~<3N/2 + M 2 + j(n) 

N 4 I ~< (3M0/2  + I )  N + M j  + j(n) + M 

whe re  M depends on ly  on m l , m 2 ,  d~ and % 

I t  is c l ea r  t ha t  those m o d i f i c a t i o n s  y ie ld  the p roo f  o f  (B.2/2) .  
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Annex C : Computat ion for an example 

We are going to compute the volume funct ion of a symbol a(x,~) = b(x) c(~) where 

b and c are C oo and homogeneous of order o < 0~ outside the ball B(0,I/2) in R n. We 

have : F 
(C.I) V(a ;.X) = J dx d~ = Vl(a ; X) + V2(a ; X) 

a~>), 
where for i= I ,2 : 

Vi(a ;X) = J_  dx d~ 
" d  with : x 

31 = { ( x , ( ) ~ R  2n / ( Ix I .<l  or I~l -<l) and a(x,~) >/X} 

32 = {(x,() e R 2 n  / (1×1 >.l and I~l >~l) and a(x,() .> X} 

V 1 may be computed just like the volume function of a symbol with one predominant 

homogeneity, So : 

xn / °  f (C.2) Vl(a ; ~) = 
B n x S n-I 

+ X n/a 

n ~sn_ t xB n 

We have denoted : 

b(x) -n /°  c(~) -n/O dx d~ 

c(~) -n / °  b(E) -n/O d( dE + 0(l) . 

~, x _ ~ Bn 

Let  us compute V2r:- 

V2(a ; X) = J 

{×l ° b(E)l~l ° c ~  , ~ ,  l×{~ l, {~j{ ~i 

= [ Ix{ n-1 v(×,~) d{xl d~ d~ 
lxl ° b(~)c(~) >. ~, Ixl >- 1 

where : 
~b-l(E) c- i C~ / G Ixl -I 

v(x,~) = [ rn-I dr 
,# 

1 

= I xn/o b(x~j-n/o c(~-n/o [x [ -n _ _{ • 
n n 

I×1 n-i I~l n-i dlxl dl(] dE dE 

Thus : F 
V2(a ; ~) = J w(~,~) dE d~ 

- b  (E) c ®  ~ X 

where : (xb-l(x~ c- l (~) ) I /a  

w(~,~) = [ 
, t l  

1 r n - !  
--In xn/a b-n/a (E) c -n/a (~ r - n dr . 

We have : 
xnla 

w = l_no Xn/° (bc)-n/° Log - ~ (bc)-n/o + ~1 
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Thus : 

x nlc~ ( n 
V2(a ; )Q - n 2 (bc) -n/°  [~- Log ), + Log(bc) -n /°  - 1] d'x d~' + 0(1) 

>~, 

NOW : ~C 
1 ~< (bc) -n/°  Log(bc) -n/c~ dx" dE : O(~ -n /°  Log ~- ) . 

Therefore,  we have : 

~, n/o 
(C.3) V2(a,~.~) = no- Log ~ (bc) -n / °  d'x' d'~ 

I x s n - I  

xn/° ~ Log (bc)-n/° + (bc) -n/°  - -  d~ dE 
~ -I x S n-I e 

i + O(Log ~ ) 

So, (C.I)~ (C,2) and (C,3) give the asymptoUcs, when }, + 0 ; 
I 1 V(a ; ),) = }n/(~ (et Log ~- + B) + O(Log ~- ) 

with (x given by (C.3) and 6 given by both (C.2) and (C.3), 
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