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Introduction

The starting point of this work is a paper by Birman and Seolomjak [BI-SO 1] in
which they study the eigenvalues asymptotics of a class of integral compact operators
on L*R"). These operators are pseudodifferential, with symbols that are homogeneous
{or quasi-homogeneous) of negative order with respect to the phase variable ; there
are very few regularity assumptions with respect to the space variable.

If such an operator A is self-adjoint, ()\; {A)) denoting the positive eigenvalues
decreasing sequence of A, [BI-SO 1] gives an equivalent to the AT (A), by powers of
j when j >+ = , and the corresponding result for negative eigenvalues {cf § 2.A). The
method of [BI-SO 1] is based on Courant's mini-max principle and consists in reducing

to a model problem on the torus T .

In this work, we intend to extend and precise [BI-SO 1] results in two directions :

(1) relaxing the homogeneity assumption

(2) getting a remainder estimate.

As the symbol may vanish and change of sign, there are some difficulties we
will overcome by making an hypoelliptic regularization of the operators and then using
a Mellin functionnal pseudodifferential calculus.

Here is the structure of our paper

§1 : Assumptions and the main result.

§2 : Special cases and examples.

§3 : Further information about spectral theory of globally hypoelliptic pseudodifferential
operators on R",

§4 : Proof of the main result.

Annex A : Weyl-Ky Fan inequalities.

Annex B : Composition formula with precised remainder.

Annex C : Computation for an example.
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The main results of this paper have been announced in the authors' note [DA-ROL

§1 : Assumptions and the main result
Our operators are described by the properties of their Weyl's symbols, according
to L. Hormander's formalization [HO 1]. For the sake of simplicity, we restrict our-
selves to the diagonal metrics. Let us recall some definitions.
on T' R7, identified to R"

with their values in J0,+=[.

= R x R" , let ¢ and ¢ be two weight functions,
X £ g

(1.1) Definition
Let m be a weight function, m : RZn > 0,400 [
(1) If there exists C0 y Cl >0 such that :
Iy] 6,0 + [n] 9D €C00)xE) F C]! mlud) ¢ mixsy,Eem) $C| mGo)
then, m is called (¢,9)-continuous.
2) If, moreover, there exists C, M > 0 such that :
mGcrygan) € miod) [Lely| 48 + | ox, 01"
then, m is called {p,p)-temperate.

In this whole work, we assume :

H)) ¢_1,(p_l are bounded on R?" and they are (4,9)-continuous and (l,1)-temperate.

I m is a (¢,9)-temperate weight, according to [BE] we denote by S(m ; ¢,¢) the
class of symbols a & Cw(RZn) such that for all k & N the following quantities are finite :
(L.2) s (a;m= Sup im'l ¢|0t| @IB‘ ag ai al o

Rn,la+8t:k

The (sk) are a family of semi-norms for S{m ; ¢,9).

To a symbol a in S{m ; ¢,9), we associate the operator A = Opw a, according
to the Weyl's quantization :

Aut) = [ N LY ey ) gy at
withdf = 2 0" dt.

Here are complementary assumptions about the weights :

€
(H,) 3¢, g5 >0 such that C(1+]x|+|&]) 0 £ {09 Xx,8) on RN
(W) m is {§,9)-temperate and m & S(m ; d,)
(N}  3K,K'>0, 3y, vy >0 such that K' m" .s(cbcp)'1 <K m' on R
With (Hz), (N) states that m has a negative order.

Let be a eS(m ; ¢,¢) with real values. (H]), (H,), (W) and (N) imply that OpW a

is self-adjoint and compact, with the kernel :
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Ka(x,y) = j er‘y"£> al X—;X , 8 dr.

The spectrum of A is discrete with only one accumulation point in 0. Denote
by A;(A) {resp. A;(A)) the decreasing (resp. increasing) sequence of positive (resp. negative)
eigenvalues of A, repeated according to their multiplicities. For A > 0, we Iintroduce
the counting functions :

NGO s A) = # {jeN ft)(?(/\) > A

Like the classical Weyl's formula for the Dirichlet's problem on a bounded domain,
we compare N (A ; A) when X = + o with the volume functions V_(\ ; a} in the classical

phase space :
V.5 a) = f dx ¢t .
- ta>a

For the functions V, we need, as in [TU-SU], a control of the derivative : for
a decreasing function f ; 10,4+ [ =+ [0,+« [, we say that f verifies (T) if there exists
)‘O >0, Y oY, >0 such that :

f is derivable on ]O,>\o]

(T)
Y, 0) <-Af') <Y, Q) for all » e ]O,)\O].
By integrating (T), we obtain the useful inequality :
Ay T ) Ay T2
() (W> <'fT>\;)—<<XT) f0r0<)\1<)\2<)\0

Our main result is :
(i.3) Theorem

With the hypotheses (Hl)’ (HZ), (W) and (N), let a€ S{m ; ¢,9) be a real symbol
and A = Opw a. We assume that the volume functions \z’+(. s m), V+(. ; a) and V(. ; a)
verify (T). Then, there is 7 >0 such that :

(DN,O 5 A) =V 052+ 005V 05 m) whenh > 03

(2} if moreover, V+O\ s m) = O(Vf(}x ; a)), we have :
(14) NG5 A) =V 05 a) (1+00%) when ) > 0_;

(L5) A7 () = 2G5 @) (140G when j ++ =
where A'(t ; a) is the inverse function of V+(. ; a), which is well defined for t large

enough.

We have corresponding statements linking N_and V .

{1.6) Remarks
(1) The condition (T) about V_ (. ; a) may be replaced by :
C
V(i a) = 00K 0 VO 3 m)) with Zy> 0.
(2)1f a = ag +a; with a € S(m(e @€ 5 ¢,¢) and € > 0, v, 0\ ; a) may be replaced
by V400 5 g
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Asymptotics of {1.4) type are well known for wide classes of globally hypoelliptic
pseudodifferential operators with positive order - cf §3 - Among the numerous works
about this, let us quote : [TU-SUJ, [RO], [HO 2], [HE-RO 2}, [MO], [FE]. However, in
our case, the symbol need not to have a constant sign and we cannot reduce our opera-
tors to those of the above works : in particular, the separation between positive and
negative parts of the spectrum is awkward.

About a connected problem, G. Grubb [GR] has noted that an hypoelliptic regula-
rization can yield a result for positive operators. Our method of proof consists in sharpe-
ning this remark. We shall be led to use accurate results about functionnal calculus
for a class of hypoelliptic operators (3.12) and we shall deduce from that a Weyl's
formula of [HO 2] type (3.21). Those results will be stated in §3 and, moreover, we
will show that they have other applications (3.16), (3.17), (3.20).

§2 Special cases and examples
2.A. Homogeneous symbols
lst case : a = a5 + &, where 3y is homogeneous of degree o <0 with respect to £ varia-

ble for |E| >1/2, and we suppose that there is some s < ¢ such that :

M o aybob ,,<Ca(1+|x|)5'|°‘! Vo enN", x « R, [g]=1

(11) 33 32 al(X’E,) Sca B(l%-lXI)SAIaI (1+1€I)S—!8! V@,B € Nn (x,E) eRzn

We can apply our result with the weigths :

ox,8) = L+]E] 5 olx,8) = L+]|x| 5 mixE) = (1+|x|2)s/2 (1+]€]»
For A = Op " a, we obtain :
2.0 N A) = x”/"(yi L O0%) , A »0, withz > 0

where :

-n
2.2) v, = —(—%)———- jj ag (x,?:)““/g dx dE .
B RnxSn_I

Note that the condition s < ¢ yields the integrability of aé (x,gi)_n/O onR" xS

0/2.

n-1

(2.1} is equivalent to :
)\;"L(A) = io/n (Ct + O(jr’ c/n))’ j>+ o, where C, = (Yi)—cf/n .

We can compare those results with [BI-SO 1] ones :
there are the following differences :

a) [BI-SO 1] symbols satisfy low regularity assumptions

b) they only get an equivalent

c) they require supplementary conditions about the behavior with respect to x
variable :

.S§ = - i o&-n

N

.s <-nf2 if o> -n/2.
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Zd case : we have obviously the same type of result if we permutate x and § roles.
We are now interested with the case when the homogeneities with respect to x and
£ are equal to each other :
alx,8) = blx) (&)
where b and ¢ are homogeneous of degree ¢ < 0 outside the ball with radius 1/2. We
will compute in annex C the volume functions of a. Thus, for £ > 0.
@10 N0 5 A) = A9 Log )\Lyi oAn/o 5, + 0oy ) & 0,
(\lehe're : o Lm™ t-nf0 o te-n/o
.2Y) Yy = NE j;n_l b(x} dx . jn-i c® d¥
S

and §, may be computed as a function of b and ¢ (annex C).

wNote that a is not an homogeneous function of degree 20 outside a neighborhood
of 0 in Rzn. Let us compare with the following case :

39 case : let v = (x,£). We suppose that a is C and such that, for |u| »1/2 :
alw) = !wizo a(-2-). Then :
w

2.1 N0 5 A) = Ao (y, + 00%)  with e > 0

@ v, ZH) f S TSR
SZn—l
Note that the 24 and Brd cases are not in the scope of [BI-SO 1L

2.B : Condition (T) about the volume functions

The condition (T) allows us to get rid of the homogeneity hypothesis. Here are
assumptions about a under which condition (T) about V_(\ ; a) is fulfiled.

M aec!®™ and alx,) +0 when M E]> +

(i)  there is a vector field X on R*" such that :

(?1) Ann, >0:n a< <X,Va> < nz a

(112) k| 61,62>O:81...<~d1vx 6

According to a classical result about the Leray's form on an hypersurface, we

have, with d § denoting the euclidian measure on {a = A} :

d ds.
—)\V’Jr(a;}\):f A 2 :f a—2

a =2 | Val a=x |Va

With (iil) that gives :

d d
(2.3} — j <X,Va> S)‘ ~AViai ) g N J. <X,Va> S}‘ .
ﬂz a=2\ vl L a=»A |V ol

With the Green's formula, we have :
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dS)\
<X,V a> = - f div X dx df
. v al
a=2x

with (i,) and (2.3), that yields condition (T) about V.0 a)

Note that 1f a is guasi-homogeneous, with weights ki on x; and h1 on Ej , we

may take :
F(x,8) = (k| x| s e s ko X 50 & 5oy h £
2.C : Schridinger operators
of2 of/2

Let us consider : A = (-M+E) V(- &E) with A the Laplace's operator on R",
E >0, 0 <0, and the potential V such that there is s <0 :
2.8) 15 V(0] \<Ca(l+{xl)zs_£a{

If s <o , this example is a particular case of 2.A,1. Thus, let us assume that
g <s.

According to remark (1.6/2) we may consider the " principal symbol " a, of A
instead of the complete symbol.

ag(x,8) = (JE|7+E)” V(o)

According to 2.B, the condition (T) will be fulfiled for \fi()\ H ao) if, for C,C,R >0,

kl y een s kn >0, we have :

n
(2.5) CV() ¢- I Kk x 3 V(x) £C" V(x), pour x| >R
1=1 1
In that case, we have :
N,O 5 A) = V,0 5 ag) + 00F £ 0)

_,n/2s . _,n/2s
where fs’o()\) =X if s <o and fs,oo‘) = A

Log 3 ifs=0.

As an application, let us consider the stationnary problem for Schrddinger equation :
(2.6) (a+gV) ¥= EY
where E > 0 is the energy and g € R is a coupling constant. For a fixed E, we search
values of g for which (2.6) has a non-null solution ¥ in D(A) nD(V). For V verifying
(2.4) and g # 0, (2.6) is equivalent to
@7 v e LRI\, (mE 2 veam P v Loy

It is the above case, with g = -1. Thus, (2.6) has non-trivial solutions for two
sequences (g?< (E)) and (g}_< (E)) where (g; (E)) is positive, increasing and (gi (E)) is nega-
tive, decreasing. If infinite, each of those sequences are not bounded. If V verifies
(2.5), with :

N,(gB) = # {k/g, (E) 3 g} (g >0)

we have, when g » + =
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» -
@28 Ngb - L 1 j(g Ve-BY? ax + (g™ f (g(1+]x})° B2 ax

where I“n is the volume of the unit ball of R™.

Many works have given formulas of (2.8) type (SILIMAD.

2.D : Equation AY = ABY.
Let A = Opw a and B = Opw b be two self-adjoint operators on L%R"), possibly
unbounded with domains D(A) and D(B). With (¢,¢) weight functions verifying (Hl)’ (HZ)’

we suppose that :

A is positive and invertible,
(1) { a = ay +a; where aj is a temperate weight such that
a, € S(aO ; &0 and a, € S(ao(cbtp Y€ 5 49) withe > 0

qe5(q; o9 ;

b e S(q ; ¢, where q is a temperate weight such that
(i) {
m = aél q verifies the hypotheses (W) and (N) .

And we consider the spectral problem :

(2.9) AY=)BY , ¥e D(A) nD®B)\ {0} .
By mean of composition by the operator C = A'I/z, (2.9) is equivalent to :
¥=)ACBCY, ¥ e L’R™\ {0}

Thanks to (11), theorem (1.3) can be applied to CB C, and if the volume functions
satisfy the condition (T), we obtain, for a [ >0, when A »+ = :
(2.10) N0 5 AB) = (2" j f dx dE + 00™° ﬁ dx de)
a(x,£) < X b(x,f) alx,£) < X gq(x,f)
where N+(}\ 3 AB) (resp. N ; AB)) is the number of eigenvalues of (2.9) belonging
to J0,A] (resp. I-x,00).

Many papers are devoted to Weyl's formulas of (2.10) type, with various hypotheses
(see [BI-SO 3] and [FL-LA], as well as their bibliographies). Most of them suppose that
A is an elliptic differential operator and B is the multiplication by a function . In
particular, for Fleckinger and Lapidus in [FL-LAJ], A is of Schridinger's type and p
may be discontinuous (for instance, the caracteristic function of a compact set). However,
those works generally only give an equivalent. Let us note that we find the same result
as the one announced by Boitmatov and Kostyuchenko in [BO-KOJ] under assumptions

that seem to us more general and more natural.
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§3 Further information about spectral theory of globally hypoelliptic pseudodifferential
operators on R™.

3.A : Introduction

Let (¢,9) be weight functions satisfying (Hl)' Let p be a symbol satisfying the
condition (W), L.e :

p € S(p ; ¢,9), and the further condition (S) which is inverse of the condition {N) :

() 3C,C' 0,8 § >0 such that C po< (d9) <C' p° on RZM.

LetPbe Opw p- It is known that under conditions {W) and (S), P is essentially self-adjoint
from 'g(Rn), and semi-bounded from below. If, moreover, ($,¢) satisfies the " ellipticity "
condition (Hz), P has a compact resolvent (TU-SUJ, [BE], [RO], [HO 1.

In the following sections of  this paragraph, we will study spectral properties
of P, by the mean of a functionnal calculus developped according [HE-RO 1] scheme :
parametrix, holomorphie functionnal calculus, Mellin transform. In this whole paragraph,
we suppose that (HI)’ (HZ), (W) and (S) are true. By possibly translating p, we suppose
that P is positive and invertible :

Pzy>0.

3.B : Functionnal calculus : parametrix.

For ze C\ R, we have to study -zt PR with K positive integer (the reason
of the introduction of this parameter K will appear in section 3.C). Thus, we build
a parametrix for the equation :

(K) K
(3.1) Q, o{pP-z) = P

As a first approximation, we get the symbol :

S - oK oz L

3.2) q :

Then, by recurrence over j, we define the symbols :

j-1

Ky oy (K) a B B La (K)
B3 g, j = 2 Ipy kEO z I'(0,8)3, Dy pN3g Dy q, )\ )]
|ou+B|=j-k
where T(a,B) = (a ! gyl 2'|a| (-2)'IBI and p(K) is the jth term in the asymptotics of

j

p(K) 5 S(pK(q;q; )_j ; ¢,9) and i1s a polynomial expression

the symbol of PK. More precisely,

of the 82‘ 35 p for jaBlgi.

In particular, q(K)

z;l:o'

By recurrence on j > 1, we get :

2j-1
G.4) q;K?j: SN dﬁi’ (p-27K!
’ k=0

where the d?g) are universal polynomial functions of the B(g 85 p for |a+8lgj. dgs) belongs
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K+k

to Sp (¢><p)'i 3 &9). For K = 0, d(.o) is simply denoted by djk {cf [HE-RO i}.

jk

Weyl's quantization allows the following further details.

{3.5) Lemma
(1) Ij=20,Le N, then d(E) - 0 for each k 3 3!
(K)

ik = @ for each k »3f + 1

(2 ij=20+1,1eN, thend

Proof

Let ny be the greatest power of (p-z)_1 in the expression of q;k)' = 1t is sufficient
1

to show by recurrence on j € N that :
n.<m.
where m,, = 3 + 1 and Myp] = 38+ 2.
We have : Ny = 1. On the other hand, n l < 1 because :

) w2 oo™ < -2 B

where { , } is the Poisson's bracket. We note that, in the sum (3.3), the contribution

of the term corresponding to k = j - | (the highest value of k) is :

1 -
a7 )

Now, with (3.4}, we are getting
Wt e edd o™ h

{qu j-1
O\<k5nj_l‘1

As the Poisson's bracket of p with (p»z)—k'1 is zero, we find that the greatest

power of (p—z)_l in {p,q(iq_ j-l} is equal to nig Then :
s

j-2
(3.6) n, gsup {n._l + 1, max (n +] -k+1)} .
] J k=0

If it is supposed that oy ¢m for k &j - 1, then (3.6) implies that :

n; € sup {mjd + 1, mio ¥ 3}
By looking at the cases when j is even, or odd, we obtain that nj £ mj . L)

(5). N the symbol of the remainder of the parametrix
b

Let us denote now by r
of (3.1) at the order N, i.e :

(K)

G2 op (r(K?

):Op (zq )o(P-z)-

The composi(tio)n formuta with precised remainder (B.l) allows us to derive a
K

z 3 N’

Let us denote by d(z) the distance in C between z and the half-axis [ % ,+ of, where

sharp estimate of r
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v is such that P 3 v > 0 (see 3.A).

(3.8) Lemma

o > 3/2 is the number attached to (¢,9) in (B.1). There exists Ny > 0, depending
only on p, such that :
for each integers N 3 | and K 20, and each o, B & Nn, there is a C = Clp,N,K,0,8) such
that we have the estimate on R 2n

B (K) lzl_, oN+Ng+[al+[8] KL (-1
3, T, ay) (d9)

8

[3% Ll €€ o ol ol

g
for z EC\[% R +°°[.
Moreover the constant C depends only on a finite number of semi-norms (1.2)

of p in Slp 5 ¢,

Proof :
It follows those of [RQO], [HE-RO 1], by using in addition the estimates in (B.1)
about the remainder of order N-j in the composition :
%
Op (q(;), o (P-z)
Z 3 )
(K}

for 0 g j ¢N. The number of derivatives on q, i determines by (3.4) the number of
S

powers of (p-—z)'I , which gives the power of—é%T— in (3.8). (B.1) vields that the number
K )

of derivatives on q, - is smaller than oN+NO , where NO is independant of N.

3.C : Functionnal calculus : complex powers.

Under supplementary hypothesis (Hz) on {$,0), we are now able to study P® for
s ¢ C, by the Cauchy's formula : for a suitable path T surrounding the half-axis [ %;L , +oof,
and for an integer K such that Re s <K, we have :
9 P°-i f 2K PR G (ppy!

21
r
Let:
i s-K (K}
(3'10)ps;j"2ﬂfz qz;jdz.
T
The Cauchy's formula and an argument of analytic extension in the s variable,
give us that Py . does not depend on I' or K. Moreover, we have the classical formulas
{and thanks to (3 50 s
- S - O
Pss0°P Ps HE
P, =T s(s~l)...(?—1<+1) 4. Sk
P2 gk <03/2) ke K

Moreover, we have the following estimates on the remainders :
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(3.11) Lemma

We assume that (H2) is true and we recall that § is such that C pé < do(condition
(S).

There exist positive integers Nl and N2 > NO - ¢f (3.8) - depending only of
&,9,p such that for each L,K : L <0 <K and each N 3N1 + K/ 8§ we have :

N
)] s > PS—OpW (z P . j) is holomorphic in the strip L ¢ Re s ¢K, with values
j=C ’
in the space of trace class operators on L*R").
(i) There is C = C(L,K,N) depending only on a finite number of semi-norms
of p, such that :
S W N pN+N
| P>-Op (jfo Py, j)nTr < C+]Im s])

in the strip L §Re s ¢K, with p as in (B.1) and (3.8).

2

Proof
With (3.7), (3.9) and (3.10), we get :

N .
s AW i sK . W (K) -1
P> - Op j}fo Po, i~ 7m J z7 Op rZ;No(P-Z) dz .
B r

Thanks to (3.8), we derive that OpW r(K).
N z; N

by (¢9) ! s for N large enough. With (), we have :

is of trace class when pK(d)(p "N is bounded

PR < op)¥/8 .

Then, we have (1). The point (ii), is deduced from the estimate (3.8) by a method like

that of [HE-RO 1] the exponent of (1+|Im s|) derives from the exponent of % in (3.8).

3.D : Functionnal calculus : Mellin transform
For a function f in the Schwartz's space S(Rn), we may define {(P) as a pseudo-

differential operator, the symbol of which is approximed by

N

éo Ps i where
Pi,o-fPspy =0

Ps - ;%5 f(k) {p)

P12 sk g3yl

Here are estimates for the remainder.

(3.12) Proposition

Under the same assumptions than in (3.11), and with the same constants N, and
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N2 ., we have :
For each N » N, , there exists C = C{p,N} depending only on a finite number
of semi-norms of p, such that, with K{N) := [»5(N~Nl)] :

w N
(3.13) |1(P) - Op (j?:lo pe s P, <

Y KN)-1/2 o N+1+N, SN ()
C{JO A {0 3,) fK(N)(m o+ kfz 1£9(0)|}
T 00 2K
where f3(7\) =) - I £ Pl {Taylor's remainder).
o !

Proof
00

We denote by M[f] = j 27500 %, the Mellin transform of f, which is mero-
morphic on C, the poles of Owhich coincide with the positive integers. Thanks to the

Mellin inversion formula, we get, for any 9 <0:

N
G.14) 1P) - op¥ 3

N
z
j=0 j

p, ., ) ds

S S_op W
Pty T T f M[£)(s)}P>-Op EPss

Res=0
i
With 0, = K{N) + 1/2, and the Cauchy's formula, we get that (3.14) is equal to
(3.14") :

N K{N) N (k)
G185 f Mitkses-opY £ p dds+ z (PRop¥ 5 p | 01O
i i-0 53 k=0 i=0 ki Kk
Re s = 02
Now, thanks to (3.11), we have :
s w N
| M[£] (s) (P>-Op 'Zo Ps J.) ds| T €
- j=
Re s = 02 0 N+Nz
c J IMCE] ()] (L+|Tm s]) dims
R

es =0,
All that gives (3.12) - see also [HE-RO 1]. #

3.E : Applications

(3.15) Remark

In the statements (3.11), (3.12), the hypothesis (H,) allows us to get trace norm
estimates for the remainders. If we drop (HZ)’ we are still able to estimate those remain-
ders in the scale of weighted Sobolev spaces H"' - see [BEL

For instance, if @ = | and ¢{x,&) = {1+ }’g })2)1/2, then Hrg
space HT®™. 1f moreover, p is an elliptic symbol of order m,,cpthe method of proof
of (3.12) shows that, for each f € 'g(R) :

ilppe n S(d)uk 5 &) (regutarizer)
keN
We deduce from that, the theorem (l.1) of [KO-SU] namely, the kernel

K(x,y), of £(P) is such that :

is the usual Sobolev
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VNeN, Va,peN, 3c, [3° 35 Kooy <ClialxyD™N,  on RP:

As a consequence of (3.12), we get, under the same assumptions :
(3.16) Corollary

Let [a,b] be an interval such that p_l([a,b]) is a compact set. Then, the spectrum
of p contained in la,bl is discrete.

Proof

As a consequence of the hypothesis and (3.12), f(P) is compact for each f € ch(]a,b[).
That implies (3.16).

(3.17) Corollary (asymptotic expansion)
We assume the same hypotheses than in {3.11) and (3.12) and moreover, that
f= g(R) and i1s constant in a neighborhood of 0. Then, we have the following asymptotic

expansion of Tr f(1P) when t 0, =
Tr (tP) ~ f[ f(tp) dx d& «+

d.
k kLK
Z26122.<ke3j/2 t JJ- " £ (tp) dx dE

Proof

Let f be the function defined by ft(k) = f(t2). It is sufficient to evaluate the behavior
of

n T op n
£(P) - Op” p. ..
t <0 It 33" Tr
[G(N—Nl)]—l/z
when t >0 , thanks to (3.12) + in (3.13), the first term is a Ot

second term is zero. -

) and the

(3.18) Remarks
(1) There exists n > 0 such that for all k,j :

£ f f 4 %) (tp) dx dt = 03I, t >0

+

(i) If { has some derivatives non-zero in A = 0, we still have an asymptotic

expansion with the extra-terms :

Z tk k

k W (k)
K 32 k—!Tr(P *BEOOP pk;l)f (0)

We have showed that the contribution for k=2 is zero and that the others are

generally non zero.
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We can also derive a trace formula for short range Schrodinger operators, which
may be compared with the results of [CV] and [GU]. Let V & CTR™ be the potential,
such that there is s <-n and 6 € 10,1] :

(3.19) Iaff V()| € c:Ot(nxxi)S‘ei‘j‘i

Let us consider quantic hamiltonians Hy = - % and H = Hy+V. For f & 'g(R), constant
in a neighborhood of zero, we have :
(3.20) Corollary

For each t € R, f(tH)-f(t HO) is trace class and when t - 0, we have the asymp-
totics :

Te(i(tH)-£(t Hy) ~ Jn/2 CV,D)

z
iz

where, in particular :
v =@y ([ v a0 (f @ ) a0
n
R

R
Covi = @™y, 3 ([ V0 00 ¢ [ @ ) 60
R" R

Cyv,0 = 2™y 1 (J’ V00 + £ | TVRO[ d) (f @ o) @ .
R" R

This statement could be derived from trace formulas in [CV], [GU], when V has
a compact support. Howerer, this result seems new for potentials verifying (3.19) only
- which ensures that V © Ll(Rn).

3 F Weyl's formula

We prove here a uniform estimate of the remainder of Weyl's formula for an
hypoelliptic operator P = Opw p- We denote by Na ; P) and VO\ ; p) the corresponding
counting and volume functions :

NOs P) = # {j & NP € )

Vo;p):<zm'“f dx df .
p <A

(3.21) Theorem
As in (3.12), we suppose that (Hl)’ (HZ)’ (W) et (S) are verified for ¢,0, and p respec-
tively. Then, for each 6 & 0, oﬁ[, there exist C, , C2 depending only on a finite number of

semi-norms of p, such that, for allx > 0 :
~ ~ _ ~ - ~ i-
622 K0 P05 p)f ¢ 2o 2 o - Vo s e oy

Proof
We have : NG 3 P) = Tr(l[o )\](P)), and, as in [TU-SU] and [HO 2}, we are
b
going to regularize 1[0,)\]' Let I1(A,8) and J(,8) be the intervals :

10,0) = DAL 2 A l8)0
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30,0 = D8 At
Let f)\’e and g)\,e be cut off functions such that :

I if pI(,0) and p < A
fu’e(u) = {
0

Hp€I8 andp > X

8 o€ Cq (36,,8)) and 86 =1 on 10,,8) ;
k6

G2 VieN, 13 g 6]+k )" g o0l < 1.

Then, we have :
(3.24) INO 3 P) - Tr £ PN <Tr L6, ®)

(3.25) Tr II()\,B) Py ¢ Tr g)\’e(P)

Now, the first term of Tr £ 0 (P} is f fk,6<p) ; {ff)\,e (p) - VO ; p)| is smaller

than Vo178 5 p) - Vol i p) and so is the first term of Tr g, o(P).

(36-28)j/2 8

Vot by - Vol ® ;s on.
As the term corresponding to j=1 is zero, the highest power of A is 36-28 (for 36-26 is

The i term of Tr £, oP) is bounded by A
?

negative ! ). Thanks to (3.12), we find that the remainder of order N for Tr £y e(P) is a
!’

N(09—5)+5O
o0 ), and so it is for Tr N G(P)'

All that, joined to (3.24), (3.25), give (3.22). L

(3.26) Remarks

If ¢=9 , we can take p = 3/2 - see remark (B.2) -. Then, we have roughly the
same assumptions that [TU-SU], and, thus, we improve their result which corresponds
to o = 2, and we reach the same limit than [HO 2] : 8 <28/3.

However, under general hypothesis (Hl), we have but p = 2, what allows us to
reach ® < 8/2. Nevertheless our estimate is more precise than that of [HO 2], which
does not give the behavior in & of the coefficient multiplicating (V(M)\l"e ; p)—V()\—)\l_e i p)e

§4 : Proof of the main theorem (1.3)

& A Introduction

The matter consists in proving that :
®.0) N0 5 A) =V, 005 a) + 005V, G5 m)

That will result from the two following propositions :

(4.1) Proposition
NGO s A) gV, 005 0) + 0" V.05 m)
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Let us denote :
NO 5 A) = (N, + N) O 5 A) (counting function of the singular values of A)
VO 5 A) = (V, + V) O 5 a) (volume function of |al)

(4.2) Proposition
NG 5 A) = VO 5 @) + 00F VO 5 m)

Indeed (4.2) gives that :

V5@ = N0 5 A+ 00° VO 5 m) + NOs A) - VG5 a)
With (4.1} for {-}, we get :

V.05 @) N0 5 A) ¢ 005 VO 5 m)),
which, with (4.1) for (+), gives (4.0) for (+). =

In order to prove (4.1) and (4.2), we first need the two basic lemmas :

(4.3) Lemma

For two functions a,b : RZn

+R, forne [0,1], we have :
V.0 5 ab) <V, 000 5 @) + V(L)X 5 D),

Indeed, a+b % A implies that @ 2 nA or b 3 (1M .

(4.4) Lemma
For two compact self-adjoint operators A,B, we have :
N,O 5 A+B) N 5 A) + N((InR; B)

It is deduced from Weyl -~ Ky Fan inequalities for positive or negative eigenvalues,
that we will prove in the annex A - because those inequalities are stated only for singular
values in [GO-KR].

4 B Preliminary lemmas for weights in the class S(m ; ¢,9)

We recall that m verifies the properties (W) , (N), and (T) for its volume function
- see § 1.
(4.5) Notation

We denote by a capital letter (M,BO,...) the operator the Weyl symbol of which
is the corresponding small letter (m,b,...) : M = OpW m, BO = Opw bO""

(4.6) Lemma
There is my e S(ml ¢o )'I 5 §,9) such that, denoting Mg = m+m , Mo i5 positive

and invertible.

Proof

1

As meS(m; ¢;9), then m™* € S(m~} ; 4,¢). Thanks to (N), we have m™Y 3 K ¢g, and
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then, Opw w1 is semi-bounded. Thus, there is u >0, such that Opw(m_lw) is strictly posi-
tive. Its inverse has its Weyl's symbol like m.
(4.7) Lemma

Letbe 8§ 20 and de S(mi+6 ; $,9). Then, with the parameters )‘O 'Yy appearing
in condition (T) for m, we have :

V A e10a.] NG 5 D) § Cd) A" VO 5 m) with T =y §(1+6)

where C(d) depends only on a finite number of semi-norms of d in S(m1+<S 5 0 ).

-1
»

(4.8) Convention
4

That means that C{(d) is a polynomial combination of semi-norms sk(m1 8 3 4,9

with coefficients depending only on m,d,p.

Proof

-1-6

As in (4.6), there is u > 0 such that Opw(m +H) is positive and invertible. Let

L be its mmverse. As (m_l_(S d)is bounded like all its derivatives, thanks to composition

and Calderdn-Vaillancourt's theorems, we get that L'1

o D is a bounded operator of
L*R™ with a norm C,(@ depending only on a finite number of semi-norms of d. By
mini-max principle, we have so :

MDY £C e A1) Vi.

Therefore :
NO 3 D) sCl(d) NGO LY.

Now, we deduce from theorem (3.21}, the rough estimate :
NGO ;L) <€ VO 5 mt)

From consequence (T') of condition (T), we draw :
Vo5 ml) <chTvo 5 m).

The three last inequalities yield (4.7). g
Now, we are going to adapt Weyl's formula (3.21) to compact invertible operators.

(4.9) Proposition
Let b be a weight verifying (W) and (N) ; in particular, we have the estimate :
6o ¢Kib) bY
and there is b € S{b{¢ ip)_i ; ¢,9) such that By = Opw(berl) is positive and invertible -see
{u.6).

Then, with (-)O = inf (%— , g~), we have for each 0 < 8. 6, and ) < 1/2 =
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ING 5 B0 5 ) ¢ 2+C, 20 VO 5 p)von 0 b,
where C, and C, depend only on K(b) and a finite number of semi-norms of b and by
-see {4.8).

Let us remark that if, moreover, V(. ; b) verifies condition (T}, we should have :
Vo b - voa 0 by ccaf va s b).

Proof
In order to link (4.9) and (3.21), we denote :
-1 ~1
PO = BO ;p=b . .
Then, for j 31, there is pj < S(p(¢ @) Ty, @ such that for each N 31 :

)—N

N
P, - Opw(p + 2 ! )

- opY -
0 Z pj) =0p" ry with  rg € Sp(o o

and each semi-norm of a pj depend only on a finite number of semi-norms of b and
bi - it is the mere construction of a parametrix for BD'
Thus, we are in a slightly more general situation than in §3 : the symbol of By
1s written as an asymptotic expansion {(just like classical symbols). Nevertheless, the
whole results may be adapted, by starting from :

a q(K)

(K) a B B
q, . = (pz I(0,B) (3 D pp (3 D g™,

z; ] - !

I = )
k=0 £=0 |o+B|=j-k-!

- -t
) 1 [p(.K)

]
instead of (3.3) (with Py = p)

Then, instead of (3.22), we arrive to :
1RG5 Py - V0up)| s 2o 2TOV0n 105 pV0al s pike,
with C1 and C2 depending only on a finite number of semi-norms of PsPyseesPpye where
N is a fixed integer. Now, let us remark that, for 8 § 8, , 7\6~5 may be replaced by X ,
and that, for any fixed censtant ¢ > 0, %{M?\l—s ;p) - Vi 19

; p) may be repiaced by
S 1-8 > 1-8
Vi+ch 3 p) - VR-o ; p)

On the other hand, we have, for p = Al
NG5 By) = NO 5 Po) 3 V(s b) = V0 5 p)
and
Voo s al® ip) = V(u(l:*cue)'1 i b)
We choose c¢=2 -1 , and we have (l+cue)'1 > l—>\e
(l—cue)_1 <108
From all that, we deduce (4.9).

Lastly, here is a result looking like Garding's inequality. It consists of a relation

between symbols positivity and operators positivity (that relation is not systematic as
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it is in anti-wick quantization - see [TU-SUD.

(4.10) Lemma
Let b € S(m ; ¢,9) be a positive symbol. Let be € > 0. Then, there is
d. € S(m(¢ qJ)"l 3 &) such that :
0<B+eM+D
€ : 12
and each semi-norm of d€ depends only on a finite number of semi-norms of (b+em}”’".

Proof :

~ 1/2 2 . -1

c := (b+rem}”’” € S(m™'” ; d,9). There is d€ eS(m(d @)~ 5 ) such that :
OpW( c?) o+ OpW d. = (Opw o).

As (OpW ¢)? is a positive operator, we get (4.10).

4.C Proof of proposition (4.1)

We shall denote by C various constants, independent of involved parameters
(vye4meee) 3 and Cj(e) for j=0,1,..., will be positive numbers depending only on € and admitting
a polynomial majorization with respect to e_l.

Here is the proof of (4.1) for (+) sign.

Let x be a C~ function on R, xA) = 0 if A <1l and xA) = L if A >2.

For ¢ >0, we denote, a_=a xalem) + em[l - x(a/em)] .

We then have the cobvious following properties :
(&.11) a_€ Sm 5 ¢.9)

4.12) a_ > em

(4.13) a_ coincides with a in the region {a »2 em}
(k.14) a ca_+ em.

Thanks to lemma (4.10), (4.14) gives that there is d, _ € S(m(¢ cp)_1 s o9 such that :
AgA_+2eM+D

l,e
e’

With lemmas (4.6) and (4.10), (#.12) gives that there is d, € S{mie CP)_I ; 6s0)
b
such that :
€ MO/Z SA+ DZ’€ .
Le b be the summ : a_+d, . As M
€ € 2,

€ 0
d =d
< l,e

(5.15) A gB_+2eM+D_.
€ €

is positive and invertible, so it is for Bs‘ With

- dZ,s: we then get :

We are going to estimate N for each of the summands : at first the error terms

2 eM + D€ and secondly the principal term Bs ; then we will end the proof.
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Step 1 : Error terms
{1} 2 M : Proposition (4.9} yields the rough estimate :
N+(}\ ;2eM) SC VO 3 2 em)
with inequality (T') derived from condition (T), we get :

¥
VO 5 2 em) = VO /2e 5 m) (2 0 Yo m) .

So, we have : y

(16 N0 ;2eM) gCe ' VO 5 m).

(i1) De: : as d€ e S(m1+Y ; 0,0, we draw from lemma (4.7) :
(#.17) NO 5 D) <Cyfe) ATV m) >0

for each semi-norm of de i1s majorized by a polynomial function of e'l.

(i) 2eM+ D, : with lemma (4.3) forn = 1/2, (4.16) and (4.17) give us :

¥
NGO 3 2eM + D) ¢Cle ' + AT Cole) VO/2 5 m)
and, with the help of inequality (1)

y
(.18) NO 52 eM + D) <Cle ' + 2" Cyle) VO 5 m) -

Step 2 : Principal term

() B is positive and invertible, with " main symbol " a_- As a_ verifies (W)
and (N) thanks to (4.11) and (4.12), proposition (4.9) yields :
@19 N0 5 B) V0 52) + 2+ @) v "5 a) - van 5 a0+ ey

As the semi-norms of ag depends on e_l on a polynomial way, so it is for Cl(e) and
C,le)-

(11) We are going to show how V{\ ; a€) is close to V+(A ;s a).
{4.20) Lemmma
Yo = min(yl/Z,l/Z). c >0,¥Y ) x )\O , Yee 10,1/2] :

Yo
VO 5a)-V,05a)] s« Ce ™ VO 5 m)

Proof
(1Y  Majorization of V{\ ; ae)‘ We have :

K3 +
a_ >\ a > Sup(r,2em) (ae > 2 n{a <2em)

€
L L

Y

Now :I1 \<V+O\ 3 a) and L <VQ 5 2em) gC € 1 V(3 m) by {4.16).

Therefore : ¥
V(A;as)sv+(}\;a)+Cslv(A;m).
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) Minoration of VO ; a. ). Thanks to {4.14) we have :
Via_ 34 2V 058 -em).
Thanks to lemma {4.3), we have for ne [0,1]:
X 14
V+(A ;a-em) ;VJ;}—; a) - V+(Tn Xy oem).

For n such that %—:‘-: €l/2, and thanks to (T') we get :

/2

v(k

Y2
=sa)l 3n V+(>\;a) 2l =Yy €

K& ) VO 5 a)

; ¥,/2
V+(—lﬁn>\;sm)\< e 1 VO3 m).

So, we obtain the wanted minoration. =

(ii)  Conclusion about Be:'
(4.19) and (4.20) give us :
) 9, Y0 148 1+8
N, O3B sV 05 a)+ Cyle) + ClI+C @) AT e ™ VO 3 miV O-277 5 @)-V O 5 a)l

The condition (T) about V_( ; a) and the majorization a & Cem allow us to deduce :

v
-21) N0 3 B) V0 5 @) + CL1+C,(©) e % va;m s @

Step 3 : End of the proof

{(4.15) gives us :

N+(}\ 3 A) 5N+CX : BE + 2 eM + DE)
and with lemma (4.4) :

N+O\ 3 A) \<N+((l—n)>\ ; BE) + N+(n>\ ;2 eM + D€) .
We taken = €, @ >0 ; then (4.18) and (T') give :

i T QT R
N+(nx s 2 eM + De:) £Cle” +x ¢ Co(e)) € VO3 m).

We then choose a such that Yy -0, 2 Yy 2 0. So, we get from the last inequalities and
(#.21) :
NG A) V.0 sa) s CeDued s C @28+ Cl) VO 5 m) + Co©
07 A 1 3 ’ 27

Now, the inequality K m' 3{op )1 implies that there is some T >0 such that
_rt
VO 3 m) 3CAT (with C >0)
Therefore, with w = inf{8, 1,7, Cq =Cpr Gy CB and vy, = inf (YO,*{B), we get:

Yy
NG5 A) gV, 052+ Cle + C@ON) VO ;5 m).
Now, there is some positive integer N such that Cq(e) \<e—N for € < 0 small enough.
Then, we choose :

_ B . _ w
€ =A" with B = Y4+N

Thus, we get the proposition (4.1) with ¢ = Yy B.
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4.D Proof of proposition (4.2)
In view of {4.1), it remains to be proved:
(5.22) VO 5 a) NG 5 A) + ORE VO 5 m)).

Step 1 : Reduction to the case when a is positive
Let us admit that {4.22) is true for a 3 0. Then, for any symbol a€ S(m ; ¢,0),

2

a? is positive and belongs to S{m? ; $,9). We get from (4.22) :

(5.23) VO ; a?) <NO; Op” a2) « OO VO 5 m?).

Now there is d € S(m*(¢ cp)—1 ; &) such that :

OpW a? - A? - Opwd,

Thanks to lemmas (4.4) and (4.7), we deduce from (4.23) that, by possibly decreasing
[
®.26) VO 5 a%) NG ; A7) + 00 VO 5 m?),

12

As NO 5 A2 = NOY2  A) and Vo ; a?) - V072 ;5 a), we deduce (6.22) from (4.24)

with g = 2 ¢'.

Step 2 : Proof of (4.22) in the case when a is positive
Let a. be a + € m. Thanks to lemmas (4.6) and (4.10) we obtain that there is

d. e S(mi(e tp)_l; ¢,@ such that :
BE EA6 + De > EMO/Z .
We apply to B€ with main symbol a the proposition (4.9) and we get :

(4.25) VO ; ae) SNG Ba) + (1+C (o) 29 (\J(A-A“e H 1+6

ag) - VR : ae}) + Cz(s).
Thanks to lemma (4.3) and the condition (T) for V(.a), we obtain a similar state-
ment to (4.20). At last :

(4.26) NO ; BJ gNU-nA ;5 A) + NOAs eM + Dg) .

We use {4.26) forn = ¢ with a suitable @ > 0 and we transfer the obtained estima-
te to (4.25) ; we then get {4.2) like {4.1). @

(4.27) Remark

For the minoration of N(})itispossible to reduce to the case when a is positive
and to approximate a everywhere by an elliptic regularization (and to get (4.26)). That
would be impossible for N (}) alone when a is not of constant sign {ag in 2.C is far from

a when a is negative).
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Annex A : Weyl-Ky Fan inequalities

In order to prove these inequalities, we start giving a Ky Fan's type caracterization
for the eigenvalues of a compact self-adjoint operator T in a Hilbert space H. We will
deduce Weyl's inequalities for eigenvalues, then for counting functions N+()\).

With the same convention as in §1 about the eigenvalues AE ('_l') of T, we state:.
(A.1) Proposition

A; (T) = Infy | T-K-3],
where the Inf 1s computed for all self-adjoint operators K of rank <j, and for all compact
non positive operators S.

>‘j— (T) = 'Ian,S" T-K-S|,

with S non negative.

[GO-KR] give the corresponding statement for singular values : sj(T) = Infy | T-K{,
with K of rank <j.

Proof

We study the (+) sign. We denote by ((p:(), (cp;) an orthonormal eigenfunctions basis
of H, associated to the O\p, ()\L)-

k2l
K-Jil Mo ®©e, S L Ao ® g
Z % © 9 2 @ 9

= ,1

() As: T= 2 )‘k cpk ® gok L o ®o
by taking : kzl
y taking :

we have suitable K and S, and we get : | T-K-S| - )\ . So, A, Inf K,S | T-K-S].

(i) 1f j is such that ¢ does not exist (if the positive part of T 1s of rank < j),
+
we have Ian,S ] T-K-S| = 0, and thus Ian,S | T-K-S| = )\j = 0.

If cp}r exists, let K and S be self-adjoint operators : K of rank < j and S negative.
And let u#0 be orthogonal to Rg(K) in the space with the basis cp] yooes cp}fr . We have :
J(T-K-S)u| 3 <(T-S-K)u,u>
> {Tu,u> for <Ku,u> = 0 and <-Su,u> 3 0
Therefore | T-K-S| ;x].*.

7]

(A.2) Corollary

(T +T ) <)\ (T

+
]+k+1 +1 1) Al

Proof

Let K ,K SI’SZ be self-adjoint operators sucht that, rank (Kl) S s
rank(Kz) k, 1, 52 <0, and ¢
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+ . +
1§Tl - K- 5111 = AM T HTZ - K, - szi} = (T
As, rank (K1+K2) §i+kand Sl + S2 £0, we get (A.2). ®

In order to prove lemma (4.4), it remains to state :
(A.3) Proposition

Let (Un)’ (Vn)’ (Wn> be three decreasing sequences of positive numbers, tending
to zero. We denote :

NO;u=#1{n 21/ u, > A}, and the same for v,w.

Then (i) implies (ii) :

Wk EN U €Y Wy

(i) A <0, 4 [0,11 NG ;u) g NOns vy + N((I-) x5 w)

Indeed, (i) is equivalent to (ii).
Proof
Let A >0 andne [0,1] be real numbers.

a) if vy <nX and w) < (1-0) A, then :
Uy svl Wy < X
Thus NG ; u) = 0 and the inequality (i) is true for A,n.

b} If not, let us suppose that vy % ni. Let j be the integer such that : uj+l<>\$uj
(if j does not exist, NO ; u) = 0, and (ii) is true). We have : N\ ; u} = j.

bl) if Y >Nk, then NX 5 v) 37 and (it) is true.

b2} if not:v. <n). Let k <j be the integer such that v, , <nX g v, (k exists be-
cause v > An). We have : NlmA 5 v) = k.

Now, thanks to (1) :

Y Vel * Yk
As uj > A and Vi € An, we get :

ik A1)
So: N({I-nh 5 w) 2j-k.
Therefore :

NOsw=j=k+(kgNOX ;v + NI A w). =

In order to deduce lemma (4.4), we apply (A.3) to the sequences u = ()\j+ (A+B)),
v = 07 (A), w = A7 (B)), in basing our argument on corollary (A.2) to have (i).
[BI-SO 2] gives without proof the statement corresponding to lemma (4.4) for

the singular values.
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Annexe B : Composition formula with precised remainder
Let {¢$,9) be weight functions verifying (Hl)' Let, for i = 1,2, m, be (¢,)-temperate
weights and a, « S(mi 3 &@. It i1s well known that the operator (OpW al) o (Opw a,)
admit a Weyl's symbol a given by
i
(B.0) alx,5) = exp { 5 G(DZ,D ; Dy’Dn)} al(z,c) az(y,n) zZzy=X

=n=§

z

where ¢ is the symplectic form :
olz, g 5 yn) = <gy> - <zjp>.

With the help of Taylor's formula, we determine the principal part an of (B.0)

at the order N, for each integer N :
agx:g) = I &
g I

1
2 ( 3 O(DZ,D

. j
L Dy’Dn)) a,tz,0) aylyn)

Z=y=EX
L=reg
and the remainder '™ at the order N :

rN(al’aZ 3 X"g) = a(x,?;) - aN(xxg) .

The aim of this annex is to state :

(B1) Proposition : universal estimate of the remainder.

There exist o % 3/2, p' 3 3/2 depending only on {¢,¢) such that for each N 31
and g 30, there is y = y{N,q,n) and j(n) such that for all {x,f) & R
S8l < tag BE ry (8pay) D] g
@M (Zs (@) 5 m) sfay 5 mo) m(x,8) m,(x,E) 4™ ()
N<k<pN + M2 +j(n) + q
N<l<p'N + MI +in) v+ q+ M
where M, is the exponent attributed to m, in the definition (1.1/2) of a temperate weight,

and M depends only on ¢,¢,Ml and Mz.

{B.2) Remarks
(I}  Under our hypothesis (Hl)’ we will show in the proof that we may take
o= 2.
(2) I, moreover, ¢ = @, then we may take p = 3/2.
(3} We conjecture that (B.1) is still true with the relaxed hypothesis (H‘l) :
b 2 1 on RZn
(H'l)
¢ and @ are (¢,0)-temperate

Proof
The inversion Fourier's formula, and the Taylor's formula with integral remainder,

give :
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i
1 N-1
®.3) rapa, 0l = jo -0 ey 5 %0 e

with 'N defmed by :

15 olZ,0 5 Y1)
®.8) ry fapanx8) :je ? oG% 5y B TERYTE) &, 08,7 dat ey

where 3 denotes the total Fourier's transform of a, and 4z = (ZH)—n

Thanks to the well-known result about Fourier's transform of gaussian functions :

b e
/:;: 1? 0(29?; H Y7~) ‘Z_t G(Z;C 3 YJ‘I)

(e ) @t sy = ()
and thanks to Plancherel's theorem, (B.4) yields for t £ 0 :
(8.5) nleprey X,E) =

n O(Zd; pyn) N
1) je o (O, DC ; Dy,Dn) (al(z+x,c+€)a2(y+x,n+€)) dzdrdydn

We obviously have :
. N . , cyvs
rN’O(al,a2 i %,8) =0 (DD, 3 Dy,Dﬂ) al(z,f,) . az(y,ﬂ) Z=y=x

z=n=§

z

We are going to study the expression (B.5) of r by a classical method consisting In

N,t ’
isolating the critical point 0 of the phase. Let y & C (J-2,21) be a cut off function,
x = L on[-1,1]. Let be € > 0 be a small parameter. We denote :

blz,z,yn 5 %,E) = GN(DZ’DC D ,D )(a (z+x,z;+g (y+x,n+§)) also denoted ¢ (al,az)

lyloe]zl® Inl®+|e]?
.

bl(Z9C9Y7n 3 %,8) = x( €7 02(x,E) e Bx,E)

) blz,z,yn 5 x,E) and by = b-b.
We are going to estimate the contribution of b, to (B.5) - lemma {(B.6) - and then
the contribution of b2 - lemma (B.7). By integrating in t €{0,1], we shall get (B.1).

{B.6) Lemma
For ¢ > 0 small enough, there exists YI(N,(}) > 0 and jl(n) € N such that for all
a; € 5(m, ; ¢,9), t€10,1] and (x,0) & rR2"

_ - —U(z,c 3y
j172N je 2t bi(zLyn 5 x,8) dz dr dy dn| <

-2n/(2n+1) -N
t v {N,n) ( by s, (a, 3m)sfa, smy)) my(x,0) moy(x8) . (g (8,
i NékéNﬂl(n) kL 17P72°72 1 2

NgliN«#jl(n)

Proof

in b1 support, we have, thanks to the ($yp)-continuity :
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6 280 507M0D) and ¢ y,Em) <670
and so 1t is for qa-l, m, and m.,.

We cut out again bl support to control the behavior with respect to t: bI = b.l + b"i
with b'l near to the critical point and b"l far from the critical point. Precisely, with

g = 1/(2n+1), we define :

2 2 2 2
b'l(Z,C,y,T] H X,E) = X( |Z| +|%_i€+IY| +|T]| ) bl(zyC1Yyn 5 X,E) and bnl =b
T 0
2n(i-¢4)
The volume of b', support is a ot ). That fact allows us to estimate b

contribution.

We estimate b", contribution by integration by parts 2n(2n+l)-times with the
differential operator :

B 21t R 3 N 3
e P LA 2 e v o R i P A Ty

Indeed, we observe that each integration with L allows a gain of t 0 , and that the
volume of b" support is a ol(¢ @}Zn {x,E)). By developping the composition formula up

to N+Zn+l, we get the wanted estimate about VR which is given by :

N+2n+1
N z a +r

jNe 1 N+2n+1 °

(B.7) Lemma

There ex1sts yz(N n) > 0 and j 2(n) € N, such that for all a e S(m1 5 .9, te 10,1]
and {x,£) e R"

i
- - 57 02,0 5 v
e fe o b(z,Lyn 5 x,8) dz dg dy dnlg

LN (Y s a5 m) sfa, s mo) m(eE) myGud) 6™ (00 .
2 NKZNTM, + () k |/ Sgdy 5 My my 2

Ns[sZ[\uMl + Jz(n)

Proof

On b2 support, we have

ly[*+]z]  Inl*+[g]”
Y XS ON )

4
1]
~

We divide that region into three zones Zl’ZZ’Z defined by :

3
2|2 2 €2 ) _LJ-‘M g{
?pz{x“,l_a + ‘Lg—qp o €7 and Z(x,a YYD 72

X Z2 . 2 g_i €2
L mz%x,i) Jﬁ‘wx,s) >3 _m_%x,a * ?L(xj‘,s;‘) $
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We deduce from that partition, a breaking up of b, into three parts, bg) , the
support of which being close to Zj for j=1,2,3.
At first we are going to study bél) in lemma (B.8). We note that b(zz) is like bf?l}.

At last, we will study bg) in lemma (B.10).

(B.8) Lemma
For all a e S(mj 5 &9, for all t €[0,1], (x,5) & Rzn, we have :

“2n | T %‘{O(Z,Q sy ()
[ e by (2L 5 x,8) dz dt dy dn| <

-N
Y{N,n) NsngNZ; M2+j(n) sk(a1 ; ml) sN(a2 ; mz) ml(x,i) mz(x,i) (6o (8 .
Proof :

We Integrate by parts with the help of operator Ll :

B 2it 2 8 2 a_
B L T EGD e @0y 57 - eedagz)

Its acts on al(x+z,£+z;). The condition about (z,z) which is imposed in the zone Z1 s implies
that Ll allows a gain consisting of

t1+]y]? ¢° 0+ In|? 2x, 02
or :

(o cp)'l(x,g) (thanks to condition about {y,n)).

We integrate (2n+l)-times to obtain the convergence of the integral with respect
to (y,n) ; then we again integrate N-times to gain (¢ q))_N (x,£). Here, we use the bounded-

i

ness of d)‘l and ¢ = on Rzn, in order to estimate ON(al,az) - hypothesis (Hl) - . Thus

we get (B.8).

(B.10) Lemma
There exists MO depending only on ¢ and @, and v{n,N) such that :

i
- == 0z [ y,n)
] s s
[ fe 2 b(23)(z,c,y,n 3 %,8) dz dg dy dnl &

YN L sa) s m) sfay s my) m (6D mo(kD) (6T ().
Ngkg2N + Moe2n + 4
Nsls(MOH)N + MO(M2+2n+l) M+ 2n e ]

Proof

In that zone 23, we do use that ¢>_1 and qfl are (1,1) temperate. So, it exists C, MO>O
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such that :

-1 -1 My
O (x+2,8+0) $O (B (L+]z]+|g])

-1 -1 Mg
¢ (x+z,E48) & (x,E) (U+|z]<|g]) ~.

Thus, each integration with the above operator L, - (B.9) - allows a gain consisting

1
of ¢ M

1]y |2 2068 + In|? @22 Y2 (1s]z)+]2]) ©
or ¢

) MO/Z
o o) (x,8) (1+]z]+]g])

Thus we integrate by parts (N+M2+2n+l)—times with the help of Ll' But we have
a loss with respect to (z,r) variable. To overcome that, we integrate

[MO(N+M2+2n+1) + M+ 2n s 1] - times
with the help of operator L2 :

it P
L e @wm-tay) -

Indeed, thanks to (Hl)’ L, allows a gain on Z; consisting of (t+ ]z %+ |t |2)_1/2.

Thus we get (B.10).

Proof of remark (B.2/2)

Now, we suppose moreover that ¢ = ¢. We read again (B.8) and (B.10) proofs.
N
Lemma (B.8) : as ON(al’aZ) is majorized by y m, sy(a, 3 mylm sy(a) 5 m )o@ 2
[N/2]+2n+2 integrations by parts with L, are enough. So, In the estimate (B.8), we have
N gk g3N/2 + M, + j(n).

Lemma (B.10) : here, we have the majorization :

N
|0 (31732)(ZyC,)’yn 5 X’E)l < sz'SN(az H m2) .

M, N
[my-stay 5 mp) 6™ ) (tefzlaleh © T

Thus, we integrate ((N/2] + M2 + 2n + 2)-times with L, to have a suitable behavior

with respect to (y,n) variables, and : l
MO([BN/Z] + My + 20+ 2) + M| +2n + 1 - times
with L2 for the behavior in (z,7) variables. Thus, in the estimate (B.10), we may sum
on :
N sk g3N/2 + M2 + j(n)
N§l§(3M0/2+1)N+M1+j(n)+M
where M depends only on m,m,, ¢ and o.
It is clear that those modifications yield the proof of (B.2/2).
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Annex C : Computation for an example
We are going to compute the volume function of a symbol a(x,£) = b(x) c(§) where

b and ¢ are C” and homogeneous of order o < 0, outside the ball B(0,1/2) in R". we

have
(C.1) V@a;)) = f dx dE = Vl(a T A) + Vz(a 5 A)
a y A

where for i=1,2 :

Via;A) = dx d§
! J

with : i
I = {(x,8) «R?D /(x| <1 or g <1)and a(x,&) 3 A}
3, = {8 €R™ /(x| 31 and [g] »1) and alx,D) 3 A}

"v’1 may be computed just like the volume function of a symbel with one predominant

homogeneity. So :

>\n/o f / y
€2 va; N ="— b(x) ™ @™ dx ¥
/ B x Sn'l
A0 -nfo | ~-n/c ~
+ 5 c(&) b(x) dE dX + 0(1) .
Sn'l x B"

We have denoted :

'i-lﬁl—i l%,B“:{xeR“,ixl\q} or  {£eR™ [g] g 1} .
x E

Let us compute V

2
Va5 = f Ix|™Y g™t dlx| d)g) X 08
x|7 BGIE” c® 2, Ix[x 1, |8 1
= 1™ v dix| dx dE
Ix|% b&) c® 31, Ix] > 1
where :
O\b_l(’)‘(l) C'l@)l/a -1
vix,B) :I Ix L gy
1
- Lynfopgynfo cgynlo L L
Thus
Vola ;) = f w(xX,B) dX d¥
2 bE) c® 3
where : -1 -l /o
0 ) B n-1
wied - [ Lifopnlogcrbgl. o
We have : s
W = %5 /o (bc)_n/O Log %E - >\n’ (bc)—n/o + %5—
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Thus

}\H/O -n/o n -nfo ~
Vz(a s A) = — (bc) [5 Log » + Log(bc) - 11dx & + o)
C > A

Now :
! (b)™ Logba ™ &% d = 00O Log -;-; .
C A

Therefore, we have :

)\n/O -nfo o~
(C.3) Vz(a-,k) =05 Log) (bc) dx dZ
Sn-l n-1
x 8

n/o \-nfo

+ Anz _/ ()™ Log %— dx d
Sn»l 9 Sn-l
+ OlLog 1)

So, (C.1}, (C.2) and (C. 3) give the asymptoncs, when» » 0 :
Vi ;) = Ao {a Log 5\— + B) + O(ch )
with o given by (C.3) and B given by both (C.Z) and (C.3).
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