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Abstract

The elastic solution in the vicinity of a traction free edge and an interface crack in
cross-ply anisotropic laminates is provided in details for three problems. Complex
eigen-pairs and edge stress intensity functions are computed with high accuracy,
aimed to serve as benchmark problems against which other numerical methods can
be checked.
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1 Introduction

Delamination starting at a traction free edge or interface cracks between plies

lead most frequently to catastrophic failures in cross-ply laminates. Many of these

laminates are made of brittle anisotropic materials and occupy three-dimensional

(3-D) domains, therefore the 3-D elastic solution in the vicinity of these edges (a

crack front is particular case of a general edge) is of major engineering interest. The

mathematical complexity of the 3-D anisotropic elasticity system in the vicinity

of an edge makes it intractable by analytical methods and very complex even

for numerical treatment. Therefore most of past studies reduced the problem to

two-dimensions addressing the solution in the vicinity of singular points, see e.g.

[4,6]. Only very limited studies considered restricted classes of 3-D edge singularity

∗ Corresponding author
Email addresses: zohary@bgu.ac.il (Zohar YOSIBASH ), nettao@bgu.ac.il

(Netta OMER), Monique.Dauge@univ-rennes1.fr (Monique DAUGE).

Preprint submitted to Elsevier April, 26, 2007

Manuscript



problems, as [2] for instance which investigates the specific through interface crack

between a ± 45 o transversely isotropic pair of materials.

Recently, the explicit mathematical representation of the 3-D elastic solution in the

vicinity of a straight edge has been provided and the quasi-dual function method

was proposed for the extraction of edge stress intensity function (ESIF) [1]. This

enabled the development of highly accurate numerical methods [8,7,3] used herein

for the computation of elastic solutions for three benchmark problems including

the full expansion in the vicinity of a traction free edge and interface crack. The

problems are suggested to be used as benchmarks against which methods for the

computation of edge stress intensity functions can be compared.

2 The elastic solution in the vicinity of an edge

Consider a 3-D domain in which a straight edge is of interest (see Figure 1 for exam-

ple). A cylindrical coordinate system (r, θ, x3) is located at a point on the edge so

that x3 is along the edge. The two flat planes that intersect at the edge are denoted

by Γ1 and Γ2 . The displacements vector and strain and stress tensors are repre-

sented in cylindrical coordinates: u = {ur, uθ, ux3}T , ε = {εrr, εθθ, ε33, γθ3, γr3, γrθ}T

and σ = {σrr,σθθ,σ33,σθ3,σr3,σrθ}T . The linear elasticity problem is being solved

by means of separation of variables, yielding in an elastic solution that can be

presented in the vicinity of an edge by the series [1,8]:

u =
∑

i≥1

∑

j≥0

∂j
3Ai(x3)Φ

(αi)
j (r, θ), Φ(αi)

j (r, θ) = rαi+jϕ(αi)
j (θ) (1)

or in a more explicit form:

u = A1(x3)r
α1ϕ(α1)

0 (θ) + ∂3A1(x3)r
α1+1ϕ(α1)

1 (θ) + ∂2
3A1(x3)r

α1+2ϕ(α1)
2 (θ) + · · ·

+ A2(x3)r
α2ϕ(α2)

0 (θ) + ∂3A2(x3)r
α2+1ϕ(α2)

1 (θ) + ∂2
3A2(x3)r

α2+2ϕ(α2)
2 (θ) + · · ·

+ A3(x3)r
α3ϕ(α3)

0 (θ) + ∂3A3(x3)r
α3+1ϕ(α3)

1 (θ) + ∂2
3A3(x3)r

α3+2ϕ(α3)
2 (θ) + · · ·

+ · · · (2)

where Ai(x3) is the Edge Stress Intensity Function (ESIF) associated with the ith

eigen-pair, the singular function Φ(αi)
0 = rαiϕ(αi)

0 (θ) being the well known two-

dimensional eigen-function, whereas Φ(αi)
j = rαi+jϕ(αi)

j (θ) , j ≥ 1 are the shadow

functions of the primal singular function. The angular part of eigen-functions and

their shadows have three components denoted by:

ϕ(αi)
j (θ) =

(
ϕ(αi)

jr (θ), ϕ(αi)
jθ (θ), ϕ(αi)

jx3
(θ)

)T
, j = 0, 1, · · ·

Herein any eigen-function
(
ϕ(αi)

jr (θ), ϕ(αi)
jθ (θ), ϕ(αi)

jx3
(θ)

)T
or any shadow-function

are expressed by sin, cos series. For example, if ϕ(αi)
jr (θ) is to be evaluated then
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ϕ(αi)
jr = C1 sin(αiθ) + C2 sin((αi + 1)θ) + C3 sin((αi − 1)θ) (3)

+C4 sin((αi + 2)θ) + C5 sin((αi − 2)θ) + C6 sin((αi + 3)θ) + C7 sin((αi − 3)θ)

+C8 cos(αiθ) + C9 cos((αi + 1)θ) + C10 cos((αi − 1)θ)

+C11 cos((αi + 2)θ) + C12 cos((αi − 2)θ) + C13 cos((αi + 3)θ) + C14 cos((αi − 3)θ)

There are cases for which an eigen-value is complex, i.e. αi = αi" + ıαi# and so

is its corresponding eigenfunction and shadows ϕ(αi)
j (θ) = ϕ(αi)

j" (θ) + ıϕ(αi)
j# (θ) are

complex, therefore the corresponding ESIF is complex also Ai(x3) = Ai"(x3) +

ıAi#(x3) . In this case ϕ(αi)
j" (θ), ϕ(αi)

j# (θ) are obtained by substituting αi" and αi#

in (3) respectively.

For complex eigen-pairs, αi+1 = αi" − ıαi# , ϕ(αi+1)
j (θ) = ϕ(αi)

j" (θ)− ıϕ(αi)
j# (θ) and

Ai+1(x3) = Ai"(x3)− ıAi#(x3) . For a crack in a bi-material interface for example,

the first eigen-value is complex α1," ± ıα1# , so that (2) is:

u = (A1"(x3) + ıA1#(x3)) rα1!+ıα1"
(
ϕ(α1)

0" (θ) + ϕ(α1)
0# (θ)

)
(4)

+ (∂3A1"(x3) + ı∂3A1#(x3)) r1+α1!+ıα1"
(
ϕ(α1)

1" (θ) + ϕ(α1)
1# (θ)

)

+
(
∂2

3A1"(x3) + ı∂2
3A1#(x3)

)
r2+α1!+ıα1"

(
ϕ(α1)

2" (θ) + ϕ(α1)
2# (θ)

)
+ · · ·

+ (A1"(x3)− ıA1#(x3)) rα1!−ıα1"
(
ϕ(α1)

0" (θ)−ϕ(α1)
0# (θ)

)

+ (∂3A1"(x3)− ı∂3A1#(x3)) r1+α1!−ıα1"
(
ϕ(α1)

1" (θ)−ϕ(α1)
1# (θ)

)

+
(
∂2

3A1"(x3)− ı∂2
3A1#(x3)

)
r2+α1!−ıα1"

(
ϕ(α1)

2" (θ)−ϕ(α1)
2# (θ)

)
+ · · ·

+A3(x3)r
α3ϕ(α3)

0 (θ) + ∂3A3(x3)r
α3+1ϕ(α3)

1 (θ) + ∂2
3A3(x3)r

α3+2ϕ(α3)
2 (θ) + · · ·

A straight forward algebraic manipulation allows to represent (4) without complex

numbers:

u = 2rα1! cos (α1# ln r)
(
A1"(x3)ϕ

(α1)
0" (θ)− A1#(x3)ϕ

(α1)
0# (θ)

)
(5)

−2rα1! sin (α1# ln r)
(
A1#(x3)ϕ

(α1)
0" (θ) + A1"(x3)ϕ

(α1)
0# (θ)

)

+2r1+α1! cos (α1# ln r)
(
∂3A1"(x3)ϕ

(α1)
1" (θ)− ∂3A1#(x3)ϕ

(α1)
1# (θ)

)

−2r1+α1! sin (α1# ln r)
(
∂3A1#(x3)ϕ

(α1)
1" (θ) + ∂3A1"(x3)ϕ

(α1)
1# (θ)

)

+2r2+α1! cos (α1# ln r)
(
∂2

3A1"(x3)ϕ
(α1)
2" (θ)− ∂2

3A1#(x3)ϕ
(α1)
2# (θ)

)

−2r2+α1! sin (α1# ln r)
(
∂2

3A1#(x3)ϕ
(α1)
2" (θ) + ∂2

3A1"(x3)ϕ
(α1)
2# (θ)

)
+ · · ·

+A3(x3)r
α3ϕ(α3)

0 (θ) + ∂3A3(x3)r
α3+1ϕ(α3)

1 (θ) + ∂2
3A3(x3)r

α3+2ϕ(α3)
2 (θ) + · · ·

3 Benchmark Problems

p -Finite element methods have been utilized for the solution of three benchmark

problems: The first is a crack at a bi-material interface between two isotropic
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materials, the second is a crack in a compact test specimen at an interface of two

anisotropic materials, and the third is an edge at the intersection of two anisotropic

materials and flux free face. These solutions, including the eigen-pairs, shadow

functions and ESIFs are provided in this section.

3.1 Benchmark problem A - Crack at the interface of two isotropic materials

A bi-material interface is composed of two homogeneous materials, as shown in

Figure 1. The two materials are isotropic, both having Poisson ratio of ν = 0.3 ,

X1

X2

X3

!"#$

Material # 1

Material # 2

Fig. 1. Bi-material cracked domain.

with Young’s modulus E = 10 of the upper material (material # 1) and E = 1

of the lower material (material # 2). This example was chosen to present a slightly

simplified situation having an entire series expansion available. The first three

eigen-values for this example problem are [5]:

α1,2 = 0.5 ± i0.07581177769 , α3 = 0.5 (6)

The eigen-functions and first two shadow functions for this benchmark problem

are given by (3) when using the constants Ck provided in Tables 1 and 2. The

eigen-function and the first two shadow functions associated with the first two

eigen-values are presented in Figure 2.

The eigen-pairs and shadows of example A are obtained numerically (see [3]) and

therefore (8) represents an approximation of the exact functions. This approxima-

tion however is of very high accuracy of less than 0.1% relative error.

The chosen ESIFs are polynomials of degree 2:

A1,2(x3) = (3 + 4x3 + 5x2
3) ± i(2 + 3x3 + 4x2

3), A3(x3) = 5 + 4x3 + 2x2
3

(7)

therefore the solution in the vicinity of the edge is:
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Fig. 2. The real and complex (top & bottom, respectively) part of the eigen-functions
ϕ0 , ϕ1 , ϕ2 associated with α1,2 = 0.5 ± i0.075812 : example A.

u =
(
(3 + 4x3 + 5x2

3) + i(2 + 3x3 + 4x2
3)

)
rα1!+ıα1"

(
ϕ(α1)

0" (θ) + ıϕ(α1)
0# (θ)

)
(8)

+ (4 + 10x3 + ı(3 + 8x3)) r1+α1!+ıα1"
(
ϕ(α1)

1" (θ) + ıϕ(α1)
1# (θ)

)

+ (10 + ı8) r2+α1!+ıα1"
(
ϕ(α1)

2" (θ) + ıϕ(α1)
2# (θ)

)

+
(
(3 + 4x3 + 5x2

3)− i(2 + 3x3 + 4x2
3)

)
rα1!−ıα1"

(
ϕ(α1)

0" (θ)− ıϕ(α1)
0# (θ)

)

+ (4 + 10x3 − ı(3 + 8x3)) r1+α1!−ıα1"
(
ϕ(α1)

1" (θ)− ıϕ(α1)
1# (θ)

)

+ (10− ı8) r2+α1!−ıα1"
(
ϕ(α1)

2" (θ)− ıϕ(α1)
2# (θ)

)

+
(
5 + 4x3 + 2x2

3

)
)rα3ϕ(α3)

0 (θ) + 4(1 + x3)r
α3+1ϕ(α3)

1 (θ) + 4rα3+2ϕ(α3)
2 (θ)

For the domain in Figure 1 defined by {(r, θ, x3)|0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π, −1 ≤
x3 ≤ 1} on which traction free boundary conditions on the crack faces and Dirichlet

boundary conditions on r = 1 and x3 = ±1 are prescribed according to (7)-(8),

one obtains the exact solution (7)-(8) at each r, θ, x3 . The crack faces are traction

free.

To examine the accuracy of series (8) we compute the traction at the two traction

free crack surfaces, using (8) (having α3 only) where A3 = 5 + 4x3 + 2x2
3 and

the Ck coefficients in Table 2. Although the traction should be zero (traction free

boundary conditions on the two surfaces) the calculated traction is of an order of

10−5 due to small numerical errors.
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Table 1
Ck of real part of the eigen-function, and first two shadow functions associated with
α1,2 = 0.5 ± i0.075812 - example A.

Real Part

0 ≤ θ ≤ 180 180 ≤ θ ≤ 360

ϕ0 ϕ1 ϕ2 ϕ0 ϕ1 ϕ2

ϕr ϕθ ϕx3 ϕr ϕθ ϕr ϕθ ϕx3 ϕr ϕθ

C1 0 0 0 0 0 -0.008296 0.284280 -0.005842 -0.028608 -0.075810

C2 0 0 0 0 0 0 0 0 0 0

C3 0.001340 -0.044575 0.001865 -0.003996 0.008624 0 0 0 0 0

C4 -0.000091 -0.000072 0.000430 -0.001656 0.000036 -0.003046 -0.000825 0.001219 0.016147 0.004843

C5 0.001398 -0.021071 0.000732 -0.001924 0.005854 0.010789 -0.259810 0.004349 0.010160 0.068870

C8 -0.022086 0.000175 0.020100 -0.005694 0.002366 -0.184330 -0.000335 0.128240 -0.036658 -0.030244

C9 -0.021644 -0.000034 -0.050039 0.016421 -0.000913 -0.258360 0.002935 -0.415450 0.146510 0.011816

C11 -0.000215 -0.000166 0.000803 0.000509 -0.001307 0.003889 -0.002810 -0.005295 0.003218 0.016573

Imaginary Part

0 ≤ θ ≤ 180 180 ≤ θ ≤ 360

ϕ0 ϕ1 ϕ2 ϕ0 ϕ1 ϕ2

ϕr ϕθ ϕx3 ϕr ϕθ ϕr ϕθ ϕx3 ϕr ϕθ

C1 0 0 0 0 0 -0.137680 0.019182 0.183620 -0.034211 -0.027624

C2 0 0 0 0 0 0 0 0 0 0

C3 0.027840 -0.002089 -0.013019 -0.001744 0.000338 0 0 0 0 0

C4 -0.000381 -0.000461 -0.001204 -0.000522 -0.000182 0.004935 -0.003912 0.010488 0.002167 0.010478

C5 0.004731 -0.001732 -0.027566 0.004913 0.000644 0.109710 -0.016178 -0.208420 0.035949 0.016541

C8 0.003406 -0.040553 0.002676 -0.003072 0.007558 0.028426 -0.316950 0.027023 -0.006660 0.026137

C9 -0.003448 -0.002680 -0.000873 0.001912 -0.001576 -0.028265 -0.129140 -0.008292 0.008246 0.019970

C11 0.000039 -0.000763 -0.000399 0.000716 -0.000460 -0.000320 0.007610 -0.004628 -0.004693 0.007187

ϕx3 associated with ϕ0 , ϕr, ϕθ associated with ϕ1 and ϕx3 associated with ϕ2 are
zero. The constants C6, C7, C10, C12, C13, C14 are zero.

Table 2
Ck of eigen-functions and first two shadow functions associated with α3 = 0.5 - example
A.

0 ≤ θ ≤ 180 180 ≤ θ ≤ 360

ϕ0 ϕ1 ϕ2 ϕ0 ϕ1 ϕ2

ϕx3 ϕr ϕθ ϕx3 ϕx3 ϕr ϕθ ϕx3

C1 0 0 0 0 -0.000006 -0.000061 -0.240940 0.000042

C2 0 0 0 0 0 0 0 0

C3 0 -0.000005 0.024094 0.000001 0 0 0 0

C4 0 -0.000002 0.024096 -0.000002 0 0.000018 0.240960 -0.000023

C5 0 -0.000005 -0.000002 0.000002 0.000001 0.000047 -0.000017 -0.000017

C8 0.072294 -0.024104 0.000004 -0.012046 0.722940 -0.241040 0.000073 -0.120460

C9 0 0.000003 0.000003 -0.000002 0 0.000033 -0.000028 -0.000017

C11 0 -0.024096 -0.000001 0.000802 0 -0.240960 0.000004 0.008026

ϕr,ϕθ associated with ϕ0 , ϕx3 associated with ϕ1 and ϕr, v associated with ϕ2

are zero. The constants C6, C7, C10, C12, C13, C14 are zero.
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3.2 Example G - CTS: Crack at the interface of two anisotropic materials

Consider the classical compact tension specimen (CTS) of a constant thickness

−1 < x3 < 1 , shown in Figure 3. The CTS’s faces are traction free and it is

loaded by bearing loads at the tearing holes having an equivalent force of 100 in

the x2 direction as seen in Figure 4. Although the loading is independent of x3 ,

because of the vertex singularities at x3 = ±1 the ESIFs changes as the vertices

are approached.
x2

5

5

0.4

0.4

2.5

2.5

0.8

0.8

x1

!"#$%&'%"$()*)"+(

!"#$%&'%"$()*)"+(

X1

X2

X3

X1

X3

X1

X3

Fig. 3. Example G: Dimensions of the CTS (thickness is 2, −1 < x3 < 1 ).

Fig. 4. Example G: The p -finite element mesh used for ESIF extraction.

The CTS is made of two orthotropic materials made of the same high-modulus

graphite-epoxy composite with different fiber orientation. The material properties

are:

EL = 1.38× 105MPa ET = Ez = 1.45× 104MPa

GLT = GLz = GTz = 0.586× 104MPa νLT = νLz = νTz = 0.21 (9)

The subscripts L, T, z refer to fiber, transverse and thickness direction of the

composite. The fibers orientation in the upper material is +45o and in the lower
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material −45o .

The first three eigen-values for this example problem are:

α1,2 = 0.5 ± i0.034328 , α3 = 0.5 (10)

Unlike Example A, herein an infinite number of shadow functions in (3) exist

because the ESIFs are not necessary polynomials. The first three eigenfunctions

of engineering importance (associated with eigen-values smaller than 1 resulting

in singular stresses) and first two shadow functions (for each eigenfunction) in the

solution (3) are given by the Ck ’s provided in Tables 3 and 4. The first three

ESIFs were computed by the quasi-dual function method in conjunction with the

p-version of the finite element method (see FE mesh in Figure 4) according to [3]

and presented in Figure 5.
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Fig. 5. ESIFs for example G: A"1 (x3) ± ıA#1 (x3) and A3(x3) .

3.3 Example M - CTS: two cross-ply anisotropic materials

Consider a bi-material interface structure of constant thickens −1 < x3 < 1 , shown

in Figure 6. This structure is similar to the CTS in previous section, having traction

free boundary conditions on all faces except the bearing loads of a magnitude of 100
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in the x2 direction at the holes, see Figure 7. Because of the vertex singularities

at x3 = ±1 the first ESIF tends to infinity as the vertices are approached.

!"

!#

!"#

$"%

$"#

&"#

!

$"'

$"#

!

#

#

$"%

Fiber Orientation

!

"

!

#

!

"

!

$

!

#

Fiber Orientation

!

"

!

#

Fig. 6. Example M: Dimensions (thickness is 2, −1 < x3 < 1 ).

Fig. 7. Example M: The p -finite element mesh used for ESIF extraction.

This structure is made of two orthotropic materials made of the same high-modulus

graphite-epoxy system with different fiber orientation. Material properties are

given in (9) with fibers orientation in the upper material at x1 direction whereas

the orientation in the lower material is at x3 direction.

Only the first eigen-value for this example problem results in a singular stress (and

is of very mild singularity):

α1 = 0.966629 (11)

other eigen-values are larger or equal to 1 and therefore are of no engineering im-

portance. As for Example G, in this example there is an infinite number of shadow

functions in (3) also. Only first eigenfunction and its shadows in the solution (3),

are given by the Ck ’s in Table 5.
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The first ESIF (the only one of engineering relevance) is extracted and plotted in

Figure 8. The influence of the vertex singularities at x3 = ±1 is visible, resulting

!1 !0.8 !0.6 !0.4 !0.2 0 0.2 0.4 0.6 0.8 1
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!0.1
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Fig. 8. ESIF for the CTS M problem.

in strong gradients in ESIF (which tends to ∞ at the vertices).
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4 Summary

The elastic solution in the vicinity of edges in anisotropic multi-material interfaces

representative of composite materials was provided for three different problems.

These solutions, although being computed by numerical methods presented in [3]

are of very high accuracy, therefore suggested as benchmarks for the verification of

various methods aimed at computing edge stress intensity functions in composite-

like structures.
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